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Abstract. We consider a random walk in a random environment (RWRE) on the strip of finite 
width Z X {1,2, . . . ,d}. We prove both quenched and averaged large deviation principles for the 
position and the hitting times of the RWRE. Moreover, we prove a variational formula that relates 
the quenched and averaged rate functions, thus extending a result of Comets, Gantert, and Zeitouni 
for nearest-neighbor RWRE on Z 



1. Introduction 

In this paper we will study the large deviations of a random walk in a random environment 
(RWRE) on the strip Z x [d] where we use the notation [d] to denote the finite set {1,2, ... ,d}. A 
point {k, i) G Z X [d] will be said to be at height i of level k in the strip. We will be interested in 
RWRE on the strip that can move at most one level to the left or right. In this case, the model 
of RWRE on the strip can be described as follows. An environment ui is given by three sequences 
oi d X d matrices. That is (x) = {ijJn}n& = {iQn,rn,Pn)}n€Z, where qn,rn and p„ are non-negative 
d X d matrices for each n such that qn + r„ -|-p„ is a stochastic matrix for every n € Z. That is, 

X] (.9n{i,j) +rn{i,j) +Pn{i,j)) =1, G [d], n G Z. 
ie[d] 

For a fixed environment oj, we can define the RWRE starting at {x,i) G Z x [d] to be the Markov 
chain ^„ with distribution P^^'*^ defined by ^^^''^(^o = (^^lO) = 1 ^^'^ 

'qk{i,j) ifm = k-l 



(1) Pi-'*)(e„+i = (m,i)|Cn = (fc,i)) 



rk{i,j) ifm = k 
Pk{i,j) iim = k + l 
otherwise. 



That is, the matrices qk, and pk give the one-step transition probabilities for jumping to the level 
to the left of level k, within level k, and to the right of level k, respectively. P^^'^^ is called the 
quenched law of the RWRE, and expectations with respect to this law are denoted E^'^\ 

We can also define the averaged law of the RWRE by first choosing the environment randomly. 
To make this precise, let 

S = {(g,r,p) G X ^ X Mf ^ : {q + r+p)l = l} 

denote the set of all transition probabilities for a fixed level of the strip so that O = is the set 
of all possible environments (jJ on the strip. Let J- be the Borel cr-algebra on $7, and let be a 
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probability measure on ($7,7-"). Then the averaged law of the RWRE is defined by 

where denotes expectation with respect to the distribution i] on the random environment u. 
Expectations with respect to the averag ed law of the RWRE will be denoted E^'''^^ 

Often times we will start the RWRE at a location (0, i) in level of the strip. However, we 
may also chose to start the RWRE at a random height i € [c?] instead. To this end, for a fixed 

environment oj and a probability distribution vr on [d] we win define PJ(-) = Ei 7r(i)Pi°''^(-)- That 
is, the RWRE starts at (0, i) with probability '/r(i). The corresponding averaged law will be denoted 
P,^. At times we will even allow vr = to depend on the environment w in a measurable way so 
that PJ^(-) = -PJ(') iliduj) is still well defined. Naturally, and EJ^ will denote the corresponding 
quenched and averaged expectations. 

The first results for RWRE on a strip were by Bolthausen and Goldsheid |BG00j who gave a 
criterion for the RWRE to be recurrent or transient to the left/right. Subsequently, Goldsheid 
proved a law of large numbers and a quenched central limit theorem |Gol08] and independently 
Roiterstein also proved a law of large numbers and an averaged central limit theorem for the RWRE 
IRoiOSj . We note that since the strip is bounded in the second coordinate, the law of large numbers 
and the central limit theorems are proved for the first coordinate of the RWRE. That is, if we write 

= {^n,Yn) then the law of large numbers proved in |Gol08[ IRoi08| states that there exists a 
vq S [— Ij 1] such that 

(2) lim — = vo, P^-a.s. 

n— i-cxD n ' 

In both [GolOSj and |Roi08j . this law of large numbers for Xn/n was deduced from a law of large 
numbers for hitting times. For any a; E Z let Tj; = inf{n > : = x} be the hitting time of the 
level {x} X [d\ for the random walk. It was shown in [GoinSi IRoiOSj for RWRE on the strip that 
are recurrent or transient to the right that 

(3) lim ^ = 1/vo, P;;-a.s., 

n— >-oo n ' 

where we interpret I/vq = oo if vq = 0. The main goal of this paper is to study asymptotics of 
probabilities of large deviations away from the laws of large numbers in ([2]) and That is, we will 
prove large deviation principles for both r„/n and Xn/n under both the quenched and averaged 
laws. Moreover, we will give a variational formula relating the respective quenched and averaged 
large deviation rate functions. 

Large deviations of RWRE on Z and Z'^ have been studied previously using a number of different 
approaches jGdH94l ICGZOOi IVar03[ IZeFMl IRA041 lYil09l lYillOl IPZ09] . Some of these results on 
Z*^ allow for bounded step sizes [VarOSl IYil091 lYillOj and thus would apply to some certain RWRE 
on the strip (see Appendix El below) . However, in these papers the quenched and averaged large 
deviation principles are proved using different approaches and thus it is very difficult to compare 
the quenched and averaged rate functions. In contrast, [CGZOOj develops a unified approach for 
studying both quenched and averaged large deviations of nearest-neighbor RWRE on Z that not 
only proves quenched and averaged large deviation principles for Xn/n and Tn/n but also gives a 
variational expression relating the quenched and averaged rate functions. 

In this paper we will adapt the approach of [CGZOOj to the case of RWRE on the strip. We note 
that the results in jCGZOOj were later generalized in jDGZ04j to the model of nearest-neighbor 
RWRE on Z with holding times, and at times we will borrow from ideas in |DGZ04| as well. The 
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main difference from the one-dimensional case is that the random walk can enter a new level at 
any height and thus the differences of hitting times — T^-i are no longer independent under 
the quenched measure which makes it difficult to study the asymptotics of the quenched moment 
generating functions E^[e'^'^"l^Xn<oo}]- This is overcome by keeping track of both the hitting times 
and the heights at which the random walk enters a level so that E^le'^'^^l^j'^^^j] can be represented 
using products of random ((^-dependent) matrices. We then use some ideas from |FK60j to obtain 
formulas for the asymptotics of these products. As in [CGZOOj . understanding the asymptotics of 
the moment generating functions of the hitting times is the key to deriving large deviation principles 
for both the hitting times and the speed of the random walk. 

1.1. Main Results. Before stating our main results, we need to first introduce some assumptions 
on the environment. Our first assumption is that the distribution on environments is spatially 
ergodic with respects to shifts of the Z-coordinate. That is, recalling that Un = (^ru'^ruPn); let 
9 : Q ^ Q he the natural left shift operator defined by {Ouj)k = Wfc+i- 

Assumption 1. The sequence {u}n}nez is ergodic under the measure ij on environments. That is, 
the dynamical system {ri,F,r},6) is ergodic. 

For technical reasons we will also need some strong ellipticity assumptions on the environments. 

Definition 1.1. For any k > 0, let C S be the set of transition probabilities {q,r,p) from a 
given level that satisfy 

(4) ^q{hj) > K, and > k, \/i £ [d] 

3 j 

and 

(5) ((/ - r)-^q){i,j) > K, and ((/ - r)-^p){i,j) > k, Vi, j G [d]. 

Moreover, define il^ = so that environments w € fi^ satisfy the uniform ellipticity assumptions 
(jl]) and dS]) at every level in the strip. 

Assumption 2. There exists a k, > such that r]{uj € 0^) = 1. 

Remark 1.1. The uniform ellipticity assumptions (jl]) and ([5]) have simple probabilistic interpreta- 
tions. For any environment w € il^, 

= k-l)>K, P^^''\Xi = A; + 1) > K, VA; G Z, i e [d], 

and 

P^'='*)(rfc_i < Tfc+i, Yt,_, = j) > K, Pi''^'\n+i < Tfc„i, = j) >K, yke z, i,j G [d]. 

Also, note that for any environment a; G il^ the state space Z x [d] for the random walk is irreducible. 

Remark 1.2. Assumption [2] is slightly stronger than the uniform ellipticity assumptions made by 
Goldsheid in |Gol08j where the condition @ is replaced by the assumption that ^j{p{i, j) + 
Q{i,j)) > for every z G [d]. 

As in |CGZ00j . the key to proving the quenched large deviation principle will be the derivation of 
a formula for the asymptotic quenched logarithic moment generating function of T„. In particular, 
we will show that there is a deterministic function A^(A) such that 

= A^(A), r]-a.s., 



(6) 



hm -logs: 

n— >oo r?. 
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where the limit does not depend on the initial distribution vr for the starting height. In Section [3] 
we will prove the existence of the above limit, give a formula for A^(A), and show that A^(A) is 
differentiable. From this, the following quenched large deviation principle follows in the standard 
way. 

Theorem 1.2. For a distribution rj on environments satisfying Assumptions{l\ andl^ define 

(7) J,,(t) = sup{At-A^(A)}. 

A 

Then, for rj-a.e. environment lo and any initial distribution vr for the starting height at level (even 
depending on the environment), Tn/n satisfies a weak large deviation principle under the measure 
with rate function J^- That is, for any open G 

liminf ilogP/^(r„/n G G) > - inf JJt), 
n-j-oo n teG 

and for any compact F 

(8) limsup - log {Tn/n € F) < - inf J^(t). 

Remark 1.3. Recall that a (strong) large deviation principle means that the large deviation upper 
bound holds for all closed F as well. We can only claim a weak large deviation principle since it 
may be the case that limt^oo J-qit) = inft J-qit) > 0. However, this will not happen if the random 
walk is recurrent or transient to the right. In these cases Theorem 11.21 can easily be strengthened 
to a full large deviation principle under PJ. 

To prove the averaged large deviation principle for the hitting times we will need a more re- 
strictive assumption on the distribution r] on environments. Let Mi{i}^) be the set of probability 
distributions on the set of environments and let Mf{0,i^) (and M^(Qi^)) denote the set of sta- 
tionary (ergodic) distributions rj on environments; that is, {ujn} is a stationary (ergodic) under 
V- 

Assumption 3. The distribution rj € M-f (1^^) satisfies a process level large deviation principle on 
the space Mi(0,f^) equipped with the topology of weak convergence of probability measures. That is, 

^ ?^— 1 

(9) ^" = ~ X] ^9"^ 

k=0 

satisfies a large deviation principle with rate function h(-\i]), the specific relative entropy with respect 
to rj. 

We will say that a distribution ry € M^(il) on environments is locally equivalent to the product 
of its marginals if for all n > 1 the joint distribution of {uji,uj2, . . . ,uJn) is absolutely continuous 
with respect to the product measure 7?q , where i]o is the marginal of ojq under the measure r]. 

Assumption 4. The distribution 7] on environments is locally equivalent to the product of its 
marginals, and for every stationary measure a € Ml{n^) there exists a sequence an G (ri^) of 
ergodic measures such that an ^ a (in the topology of weak convergence of probability measures) 
and h{an\r]) — )■ h{a\T]). 

Remark 1.4. Assumptions [3] and [4] were also made for the averaged large deviation principles in 
in |CGZ00j and |DGZ04j . Also, it is known that Assumptions [3] and [4] are satisfied if r/ is a 
Gibbs measure on with summable, translation invariant interaction potential (see Theorem 4.1 
and Lemma 4.8 in |Fol88] ). In particular. Assumptions [3] and |4] hold if i] is an i.i.d. measure on 
environments. 
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Our next main result is a large deviation principle for the hitting times under the averaged 
measure. It is intuitively clear that the averaged rate function should be less than or equal to 
the corresponding quenched rate function. This is because under the quenched measure large 
deviations occur due to atypical behavior from the random walk, but under the averaged measure 
large deviations can occur due to some combination of the choice of an atypical environment and 
the walk doing some atypical behavior (thus making the averaged large deviation probabilities 
decay more slowly). The following Theorem extends the variational formula in [CGZOOj relating 
the quenched and averaged rate functions that makes the above intuition precise. 

Theorem 1.3. Let the distribution on environments rj satisfy Assumptions\^ and Then, 
for any initial distribution ir the hitting times Tn/n satisfy a large deviation principle under the 
measure PJ^ with convex, lower semicontinuous rate function 

(10) Ut):= inf {Ja{t) + h{a\r])). 



Continuing to follow the approach of [CGZOOj , we will use Theorems 11.21 and 11.31 to deduce 
quenched and averaged large deviation principles for Xn/n. In order to do this we will need not 
only a large deviation principle for Tn/n but also for T-n/n. However, since we have made no 
assumptions about recurrence or transience in the statements of Theorems 11.21 and 11.31 an obvious 
symmetry argument implies large deviation principles for r_„/n as well. To make this precise we 
introduce the following notation. 

Definition 1.4. For any environment w G O let u^'^^ denote the environment induced by reflecting 
the strip Z x [d] in the first coordinate. That is, 

(g„(wl'^-),r„(wl°-),p„(a;l°-)) = (p_„(^^), r„„(w), g_„(6.)), Vn € Z. 

Moreover, for any distribution rj € Mi(r2), let 77^"^^ be the induced distribution on oj^""-^. 



With this notation it is clear that Theorems 11.21 and 11.31 imply quenched and averaged large 
deviation principles for T_„/n with rate functions J^inv and Jf^inv, respectively. We are now ready 
to state the quenched and averaged large deviation principles for the speed Xn/n of the RWRE. 

Theorem 1.5. Let the distribution on environments r] satisfy Assumptions Ul andlM Then, for 
any initial distribution ir (even depending on the environment) Xn/n satisfies a large deviation 
principle under the measure PJ with deterministic, lower semicontinuous, convex rate function 

xJri{l/x) X > 

Ir,{x) = < limj^oo Jrt{t)/t X = 

\x\Jj^Inv{l/\x\) X < 0. 

Remark 1.5. It is not clear from the formula above that I-qix) is continuous at x = 0. However, 
part of the proof of Theorem 11.51 will be to show that limt^oo Jri{i)/t = linit-^oo Jj^inv{t)/t. 



Our final main result is the corresponding averaged large deviation principle for Xn/n. 

Theorem 1.6. Let the distribution on environments t] satisfy Assumptions \M Then, for any 
initial distribution ir, Xn/n satisfies a large deviation principle under the measure with lower 
semicontinuous rate function 

{xj^(l/x) X > 

7^(0) x = 

\x\Sninv{l/\x\) X < 0. 
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Remark 1.6. Again, part of the proof of Theorem 11.51 will be showing that as defined above is 
continuous at a; = 0. Naturally, the variational formula (jlOp implies a corresponding variational 
formula for Irj{x). The only difficulty is proving the variational formula at x = 0; see (|86p below. 

The structure of the paper is as follows. In Section [2] we introduce the matrices $fe(A) which are 
quenched moment generating functions for hitting times that also take into account the height at 
which the random walk enters a level. Then, in Section [3] we use these matrices to compute the 
asymptotic log moment generating function A^(A) for hitting times as well as a formula for A^(A). 
In Sections m and [5] we prove the quenched and averaged large deviation principles for hitting times, 
and then in Section [6] we show how to transfer these to obtain quenched and averaged large deviation 
principles for X„/n. We conclude the paper with a short appendix on RWRE on Z with bounded 
jumps. It is well known that such RWRE with bounded jumps can be interpreted as a special case 
of RWRE on a strip. In Appendix [A] we examine a natural class of RWRE with bounded jumps to 
which the results in this paper apply, and we show how to modify the proofs in this paper to RWRE 
with bounded jumps that do not satisfy the strong uniform ellipticity assumptions in Assumption 

El 

1.2. Notation. Before beginning with the proofs of the main results, we will introduce some 
notation that will be used throughout the paper. For vectors x = (xi, . . . ,Xd) € M*^, let ||2;|joo = 
maxj l^il and ||x||i = \xi\ be the standard and £^ norms, respectively. Also, let a norm on 
d X d matrices be given by 

ll^ll = max^^ l^ij'l- 

j 

If the entries of A are non-negative then \\A\\ = maxjCjAl, where the vectors {cjjjgj^] are the 
standard basis vectors for M'^. We will use this fact without mention at several points throught the 
paper. Note that matrix norm defined in this way is the operator norm acting on row vectors 
to the left and the £°° operator norm acting on column vectors to the right. In particular, for any 
row vector x and column vector y we have |x^y| < ||x||i ||y||oo- 

Acknow^ledgement We would like to thank to Alex Roiterstein for originally suggesting this 
problem and for many stimulating discussions on RWRE on the strip. Also, many thanks to Ofer 
Zeitouni for several discussions on large deviation generalities that were helpful in the course of 
preparing this paper. 

2. Quenched moment generating functions 

As mentioned in the introduction, they key to proving the quenched large deviation principle for 
the hitting times is to prove the limit ([6]) which gives the exponential asymptotics of the quenched 
moment generating functions of the hitting times. In this section, we will prepare the foundation 
for proving the limit in ([6]) by introducing some useful notation and deriving some uniform upper 
and lower bounds on the quenched moment generating functions. 

For any environment A € M and A: € Z let <I>fe(A) be the d x d matrix with entries given by 

Lemma 2.1. There exists a constant Xcrit = Xcritiv) — such that if X < Xcrit then ^^(i, j)(A) < oo 
for all i,j G [d] and G Z, ry — a.s., and if X > Xcrit then $fc(i,j)(A) = oo for all i G [d\,j G J and 
k Z, rj — a.s. 



i,j G [d]. 
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Proof. Obviously, ^Q{X){i, j) < oo for all i,j € [d] if A < 0. Thus, we only need to consider A > 0, 
in which case Assumptions [2] implies that 

cI>o(A)(j,A:) >4°'^) [e^''-l{T_,<T^<oo,Yr_,=^,Yr,=k} 

(11) >Ke^ J^ci>_i(A)(f,/)cI>o(A)(/,A:) 

I eld] 

(12) >kV^ J^ci>_i(A)(i,0, yi,j,ke[d]. 

It follows that ||<^o(-^)|| < oo implies that ||<I>_i(A)|| < oo and thus 

{||cI>o(A)||<c^}= n{ll^n(A)|| <oo}, r?-a.s. 

n<0 

Since nn<o{ll'^"('^)ll ^ ^} invariant under (right) shifts of the environment and the distribution 
7] on environments is ergodic, we can conclude that r/(||$o(A)|| < oo) € {0, 1} for any A S M. Define 
^crit = '^crit(^) := sup{A : r/(||$o('^) II < oo) = 1}. By the monotonicity of ||<I>o('^)|| in we have 
that 11^0(^^)11 < CO for all A < Acrit and r/-a.e. environment ui. Since rj is shift invariant we also have 
ll^n('^)|| < 00 for all n G Z, A < Acriti V — a.s. 

On the other hand, if A > Acrit, then ||<I>_i(A)|| = 00, r] — a.s. However, maximizing ()12p over i we 
obtain that ^Q{X){j, k) > fi;^e^'^||$_i(A)|| = 00 for any j,k € [d]. Again, since rj is shift invariant, 
this implies that ^nij, k){X) = 00 for all n "Z, j,k [d], rj-a.s. □ 

Remark 2.1. Note that the above lemma does not say whether or not ||$„(A)|| is finite when 
A = Acrit- However, it will follow from the proof of Lemma 12.31 below that ||$ri(Acrit)|| < 00 for all 
n. In fact. Lemma [2?3l will even give a uniform upper bound on the entries of <I>n(Acrit)- 



Next, we would like to prove upper and lower bounds on the entries of $fc(''^) when A < Acrit- 
To this end, we first need the following Lemma which follows easily from the uniform ellipticity 
assumptions on the environment. 

Lemma 2.2. For any k G (0, 1/2) there exists an integer < 00 such that for all u G 
P^'^'Kn+i < N^, Yt,^^ = j) > k/2, P^^'^Kn^i < N^, Yt,_, = J) > k/2, yk G Z, i,j E [d]. 

Proof. Obviously it is enough to prove the lower bounds when starting in level A; = 0. For a random 
walk started at a point (0, i) in level of the strip, let r = Ti A T_i be the exit time of level 0. 
Conditions ^ and ^ imply that 

(13) Pi°'^)(r > 1) < 1-2k, VfG[d], 
and 

(14) PiO'*)(e. = (l,j))>K, Pi°'^)(e. = (-l,j))>K, Vf,j€[d]. 

Note that iterating the lower bound (jl3p implies that P^'''\t > N) < (1— 2k)^ for any non-negative 
integer N. Therefore, 

p(o,i)(^T^ < N, Yt, = 3) > P^'^'^H^r = (l,i)) - Pi°'^)(r > N) 

>k-{1-2k)^. 

Similarly, P^°''\t_i < N, Yt_, = j) > k - {I - 2k)^, and letting = [log(K/2)/ log(l - 2k)] 
completes the proof of the lemma. □ 
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The following lemma which gives uniform upper and lower bounds on the entries of <l>fc(A) will 
be crucial throughout the remainder of the paper. 

Lemma 2.3. If rj satisfies AssumptionsUl and\^ then for any for A < Xcrit there exists a constant 
c\ € (0, 1] ( depending only on A and k ) such that 

(15) V (cx < ^o(A)(i,i) < ^, Vi, j G [d]^ = 1. 

// in addition r] is locally equivalent to the product of its marginals and we denote by the support 
of ujQ = {qo,ro,po) under rj, then it follows that 

(16) CA < ^o(A,a;)(i,j) < -, Vaj G S^, i, j G [d], A < A^^K^?)- 

cx ' 

Proof. The lower bound on $o(A)(i,j) is easiest. Indeed, since e^'^^ > (e'*'^" A 1) on the event 
{Ti < iV^} we have that 

<I>o(A)(i,i) > 4°'') [e^^^l{r,<^^,y 

(17) , X , X 

> (e^^« A l) Pi°'^)(ri < iV,, Yt, = j) > (6^^*= A l) k/2, 
where the last inequality follows from Lemma l'2. 21 

For an upper bound, first note that <I>o(A)(i,i) < 1 if A < 0. Thus, we only need to prove a 
uniform upper bound when A € (0, Acrit]- To this end, note that ([TT]) implies that 

$o(A)(i,A:) > Ke^<^>^i{X){i,j)^o{X){j,k), yi,j,ke [d]. 

If A < Acrit then $o(A)(j, k) G (0, oo) and we may cancel these terms from both sides of the above 
inequality to obtain that <I>_i(A)(i, j) < (1/K)e^'^ < Since the law r] on environments is shift 
invariant, the same uniform upper bound holds for <^o(A)(i,j) with probability one. Finally, since 
<I>o(A)(i, j) < (1/k) for all A < Acrit, the monotone convergence theorem implies that $o(Acrit)(^)i) < 
(1/k), rj-a.s. This completes the proof ([15]) with cx = |(e'^^'= A 1). 

Moving now to the proof of p6p. note that the argument above giving the lower bound on the 
entries of $o(A) only depends on the fact that u G 0,^, and since obviously C 0^ the lower 
bound in (jl6p also holds. To prove the upper bound in (|16|) we first introduce some notation. For 
any M < oo let <I*fc,A/(A) be the "truncated" quenched moment generating functions defined by 

(18) <I.,,M(A)(i,j) = 4'='*) 



It is easy to see that ^k,M{X) depends on the environment uj through uj(-^m,o] where we use the 
notation uj(^k/] •= {^k+i:^k+2, ■ ■ ■ ^^i) ^ S^"'"" for any environment w and any k < i. Moreover, the 
function oj i— )> <l>o,A/(A,a;)(z, j) from ^ K is continuous for any fixed M < oo and i,j G [d] since 
the quenched expectation in (jlSp can be expressed as a sum over finitely many paths. Thus, for 
any fixed M < oo, i, j G [d] and A < Acrit (??) the set 

GM,i,j,x = {a; G : ^>o,Af(A,t^)(i,i) > 1/ca} 

is an open subset of S^. 

Fix A < Acrit (??)) and assume for contradiction that there exists a) G and i,j G [d] with 
<I>o(A,(j)(i, j) > I/ca- Then by monotone convergence, co G GM,i,j,x for all M large enough. Since 
the open set GM,i,j,x intersects and since GM,i,j,x is (T(a;(„A/o])"™6asurable, it follows that 
ivlo)^^ {GM,i,j,x) > 0. However, since i] is locally equivalent to the product of its marginals this 
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implies that r]{GM,i,j,x) = 'n\{-M,o]{C'M,i,j,\) > as well. Thus, with ry-positive probability 1/cx < 
^o,MWi'>-i j) ^ ^oWih j)- Since this contradicts (fTSj) . this proves that the upper bound (fT6]) does 
indeed hold. □ 

Remark 2.2. Note that the above proof shows that k/2 < <l>o(A)(i, j) < {l/K)e~'^ for all A € [0, Acrit]- 
A priori there is nothing preventing Acnt from being infinite. However, since k/2 < (1/K)e~^ for 
A G (0, Acrit] we can conclude that Acrit < — log(K^/2). 

Remark 2.3. It will be important below to note that (for M large enough) we can give uniform 
upper and lower bounds on the entries of the truncated moment generating functions ^k,Ali^) ^ 
well. It is obvious from the definitions that $fc,A/(A)(i, j) < <I>fc(A)(i,j) so that the same uniform 
upper bound holds for any M < oo. Moreover, the argument in (jl7p giving the uniform lower 
bound on the entries of ^fc(A) gives the same lower bound on the entries of <I>fc,A/(A) if M > Nf^. 
That is, 

(19) CA < $o,A^(A)(i, j) < -, Vw G S^, i,j G [d], A < Acrit(??), and M > N^. 

3. The quenched logarithmic moment generating function for hitting times 

In this section we will prove that the limit lim„_j.oo \ ^o^EZW^'^"'^{Tn<oo}\ exists almost surely 
and is equal to a deterministic function A^(A). Moreover, we will derive a probabilistic formulation 
of both A^(A) and its derivative. We begin by expressing the moment generating function of T„ in 
terms products of the matrices <I>fc(A). For ease of notation we introduce the notation 

n 

^[m,n.](A) = W ^fc(A), for any m<n. 

k=m 

With this notation, it is easy to see that E^[e^'^'^ 1^t„<oo}] = '''"*^*[o,n-i](A)l, where on the right side 
vr = (7r(l), 7r(2), . . . ,vr((i)) is a row vector and 1 is a column vector of all I's. To identify the limit 
of log(7r$[o^„_i](A)l), we first need the following Lemma. 

Lemma 3.1. If for some A G M and uj £ 0, there exists a c > such that 1/c < ^k{X){i, j) < 1/c 
for all A; G i,j G [d], then there exists a sequence of vectors {yU„(A, a;)}„g2 such that 



(20) sup 

05>^7r>0 



7r^[m,n-l](A) 



7r^[m,n.-l](A)l 



/i„(A,a;) 



,4\«~m— 1 



Remark 3.1. The vectors fj,n{X,uj) are necessarily non-negative with entries summing to 1 and thus 
can be viewed as probability distributions on [d] that depend on the environment oj. For convenience 
of notation we will often suppress the dependence on uj and just write fJ-n{X) instead. 

Corollary 3.2. Let r] be a measure on environments satisfying Assumptions {1\ and\^ Then the 
sequence of vectors {/^n(A)}nez from Lemma [XT] is an ergodic sequence. 

Proof. Lemma 12.31 implies that the conditions of Lemma 13.11 are satisfied for A < Acrit and r/-a.e. 
environment uj with c = cx. Thus (|20p implies that 



. . ej^ m,n-l (A) 

/in (A) = hm — — — -, ?/-a.s. 

- ei5>[„ „_i](A)l 



-oo 



where the limit doesn't depend on the choice of i G [d]. This shows that fJ^nW = t-Wii^,^) is a 
deterministic function of the environment that commutes with shifts of the environment in the 
sense that fin{\,uj) = Ho{X, 6"'uj). Since the environment uj is ergodic by assumption, it follows that 
UnW is ergodic as well. □ 
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We postpone for the moment the proof of Lemma 13.11 and instead show how Corollary 
be used to prove the following statement for the limit of n~'^ log £'J[e'^"'" IjT^^^oo}]- 

Lemma 3.3. For a distribution r] on environments satisfying Assumptions{l\ andl^ define 

's^[log(/io(A)$o(A)l)] A < Xcr^t 
OO A > Xcrit- 



can 



A,(A) 



Then for any distribution vr on [d] for the height of the starting location of the walk (tt can even be 
random depending on oj ), 



(21) 



hm — log 

n— >oo n 



{T„<oo} 



A^(A), VA, rj-a.s. 



Proof. First, we claim that it is enough to prove (j2ip holds r/-a.s. for any fixed A, and thus for 
ry-a.e. environment the limit holds for all rational A. It will be shown below that the function A^(A) 
is continuous on (— cx),Acrit] (this will follow from the fact that A i->- //o(A) is continuous), and 
since the left side of ()2ip is a monotone function of A for every n we can conclude that for r]-a.e. 
environment the limit in (1211) holds for all A. 



Since E^[e"^'^"l^j'^^^^j] is finite if and only if A < Acrit) it is enough to consider the case when 
A < Acrit- For a fixed A < A^it note that 

n-l 



{T„<oo} 



log(7r<I>[o ,„_]^] (A)l) = log(7rci>o(A)l) + J]log 



k=l 
n-1 



7r^[o,fc](A)l 
^^[o,fc-i](A)l 



log(7r^.o(A)l) + J^log ( ^;^IMziI^ci>,(A)l 



k=l 



^^[o,fc-i](A)l 



n-1 



(22) 



J]log(zfcCDfc(A)l), 



fc=0 



where the last equality is used to define the vectors z^.. Note that from the formulas for given 
above it is clear that for k large we should be able to approximate Zk by //fc(A). Indeed, ([20]) implies 
that \\zk — /ifc(A)||i < -t(1 — 4)^~^- NoW; foi" S'liy probability vector fi on [d], Lemma 12.31 implies 

''A 

that 

fi<^k{X)l = ^M(i)<I>fc(A)(i,j) > cxd. 
Then since | log(x) — log(y)| < for any x,y > a, it follows that 



log(Aifc(A)$fe(A)l) - log(zfe$fc(A)l)| < A^|/,;,(A)$fc(A)l - Zk^k{X)l\ 

Cxd 

< AjIIr^(A) - ^fe||i||^fe(A)|| < 4(1 - cl)''-\ 



(23) _ 

Cxd 

where in the last inequality we used ||<I>fc(A)|| < d/cx which follows from the upper bound on the 
entries of $fc(A) in (|15p . Combining (|22p and (j23p we see that 



(24) 



n-1 



^ logEZ[e^''"l{T„<oo}] - ^ j;iog(^fc(A)cI.,(A)i: 



n 



k=0 



< 



1'^ 2 



r4(i 

n ^ cV 

fc=0 



< 



2(1 



.4^-1 



c\^n 



and since the expression on the right vanishes as n ^ oo it is enough to evaluate the limit of 
the second sum on the left side. However, since the environment uj is ergodic it follows that 
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{/ife(A)<I>fc(A)l}fcg2 is ergodic as well since both /ifc(A) and are functions of the shifted envi- 

ronment O^io. Thus Birkhoff 's ergodic theorem implies that 

lim - Vlog(AXfc(A)$fe(A)l) = £;41og(//o(A)$o(A)l)], r?-a.s. 

n— >oo Tl ^ — ' 



A;=0 



Combining this with (j24p finishis the proof of the lemma. 



□ 



We now return to the proof of the existence of the vectors /x„(A) and the associated error bounds 
as stated in Lemma l3. II 



Proof of Lemma lA'. j[ The key to the proof of Lemma 13.11 is the following Lemma from [BGOOj . 

Lemma 3.4 (Lemma 9 in |BG00j ). Let Gn, n = 1,2, . . . be a sequence of d x d matrices with all 
positive entries, and for any r >2 let 

Gr{i,j)Gr-i{j,k) 

r\ ^ TniTI 

i,j,kY.,Gr{i,l)Gr-l{l,ky 

IfYl'r^2Pr — c« then there exists a vector v = {v{l),v{2), . . . ,v{d)) with strictly positive entries 
adding to 1 such that for any n>2 



GnGn^l---Gi=Dn{ v{l) v{2) 



v{d) 



where Dn is a d X d positive diagonal matrix and is a d X d matrix with ||e„|| < nr=2(-'- ~ dpr). 



For fixed w G fi, A € M, and c > satisfying the assumptions of Lemma |3. II and for n fixed, 
we will apply Lemma [3^ with = ^n-kW- The representation of the product GkGk-i • • - Gi 
from Lemma 13.41 implies that 

CjGkGk-^i ■■■Gi _ V + CjEk 
CiGkGk-i ■ ■ ■ Gil l + ejefcl 

The uniform upper and lower bounds on the entries of ^n~kW = G^ imply that pr > c^/d for all 
r > 2, and so the matrix has norm \\£k\\ < (1 — c^)^^^ for k > 2. Thus, it follows that for any 
i e [d] and k>2. 



CiGkGk^i ■ ■ - Gi 



GiGkGk-i • • • Gil 



< V 



1 



1 + eiSfcl 

„4\fc-l 



1 



_l_ _||£i£fclh_ ^ 2||efc| 



2(1 -c^)' 



1 + ejEfcll 1 - ||efc| 
2(1 - c'^)'=-i 



1 - 1 - c 



4U-1 



Since ||ejGi/(ejGil) ||i = = 1 and 2/c^ > 2, the above error bound also holds when k = 

1. Finally, since for any non-negative vector tt 7^ and any non- negative matrix A, the vector 
ttA/^ttAI) is a convex combination of the vectors {eiA/{eiAl)}i^[^-^, it follows that 

nGkGk-i • • • Gi 



sup 

07^7r>0 



7rGA,.Gfc„i • • • Gil 
This completes the proof of Lemma [3T] with Hn{X,u}) = v 



2(1 - f.4^fc-i 



□ 
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3.1. Differentiability of A^(A). For any environment oj and i G [d], let 

Ac.,,n(A) = ^logi5;(0'*)[e"^-l|T„<oo}]. 

For any fixed i (z [d], n > 1 and u, the function A(^^j^„(A) is strictly convex and differentiable 
(analytic even) on (— oo, Ad-it)- Since A^^j^„,(A) — A^(A) as n ^> cx), it follows that A^(A) is a 
convex function on (—oo, Ad-it) but a priori we cannot conclude that A^(A) is differentiable on 
(— oo,Acrit)- If we can show that A^^^(A) converges uniformly on compact intervals then it will 
follow that A^(A) is differentiable and that A^(A) = limn— s.00 

KinW |R^id76[ Theorem 7.17]. 

For any k > 1, define = — T^-i when T^-i < 00 and = 00 otherwise, so that Tn = 
Ylk=i'^k- Then, it's easy to see that for A < Adit, 



A' .,n(A) 



1 E, 



{T„<oo 



}]' 



_L \ - [TfcC l{Tn<oo}J 

k=l [e "J-{T„<oo}J 



Let ^fc(A) be the term- by-term derivative of the matrix $/j(A). That is, 

c^',(A)(i,j) =4'"^ [Tfe+ie^^^+iV,+,<oo,y,^^^=j 
Then, with this notation we have that 

1 Aei$[o,fc-2](A)$Li(A)^[fc ,n-l] (A)l 



(25) 



Atj,i,n(A) 



n 



k=l 



ei$[o,n-i](A)l 



To approximate (j25|) we want to approximate <I>[^. „„i](A)l in both the numerator and denomi- 
nator. These terms will grow or decrease exponentially, but if we normalize them they converge. 
To show this we need the following lemma. 

Lemma 3.5. If for some A E M and uj € Q there exists a c > such that 1/c < $fc(A)(z, j) < 1/c 
for all k gTj, i,j € [d], then there exists a sequence of non-negative vectors {i^k{^)}k& such that 



(26) 



[fe,n-l](A)l 



1*$ 



[k,n- 



-i](A)l 



i^fc(A) 



< 



2(1 



„4:\n~k—l 



\/k < n. 



Moreover, if rj satisfies assumptionsU\ and{^ then J^fc(A) exists with probability 1 for all A < Xcru 
and the sequence {i^kW}keZ is ergodic. 

Proof. For any matrix A, let A* denote the transpose of A. Then, 

<i>[fc,„_i](A)l V_ l*$„_i(A)*$„_2(A)*---$fc+i(A)*1>fc(A)* 



,l*1>[fc,„_i](A)iy l*<I>„_i(A)*<I>„_2(A)* • • ■ $fc+i(A)*<I>fc(A)*l 

Then similarly to the proof of Lemma 13.11 the proof of (j26p follows by applying Lemma 13.41 with 
Gj = $fc+j_i(A)*. The final claims in the statement of Lemma [33] follow as in the proof of Corollary 
[321 □ 



We'll also need a uniform upper bound on ||<^'^.(A)|| for A < Adit- 
Lemma 3.6. For any A < \crit, there exists a constant d\ < 00 such that 

r]{Wo{X)\\<d,)=l. 
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Proof. Since a uniform bound on the entries of the matrix $o(A) imphes a uniform bound on the 
matrix norm it is enought to show a uniform bound on the entries of <I>q(A). Since for any i,j € [d], 
^o{X){i,j) is a convex function of A we have that 

(27) < MKit){^,J)-MmJ) < iycx.J-cx^ 

Acrit ~ A Acrit — A 

where the last inequahty follows from Lemma 12.31 □ 



Having laid the necessary groundwork, we are ready to prove that A^(A) is differentiable and 
give a formula for the derivative. 

Lemma 3.7. If the distribution rj on environments satisties Assumptions^ andl^ then A^(A) is 
continuously differentiable on (— oo, Xcrit) end 



a;(a) = Er, 



/io(A)«I>o(A)z.i(A) 



VA < A crit' 



Proof. As mentioned above, it is enough to show that 

"/io(A)$^(A)i/i(A) 



(28) 



lim A;,_,_„(A) = 



rj-a.s. 



_/io(A)<I>o(A)i/i(A)_ 

and that the convergence is uniform in A on compact subsets of (— oo, Acrit)- To this end, we first note 
that since A^ ^ ^(A) is continuous and non-decreasing in A, uniform convergence on compact subsets 

will follow from pointwise convergence if we can show that the proposed limit E^i |^°(A)$o(A)i/i(A) 
is also continuous in A. Since we can uniformly bound each of the terms inside the expectation, it 
is enough to show that each of these terms is continuous in A. It is obvious from their definitions 
as quenched expectations that $o(''^) and $o(A) are continuous in A, but we need to prove that 
//o(A) and i^i(A) are continuous in A. To show that fJ,o{X) is continuous in A, first note that for any 
A, A' < Acrit and any n > 1, the error bounds in ()20p imply that 



|w(A)-M(A')lli<^(l-4)"-' + 



^(1 

4' 



4r-' + 



-i](A) 



-i](A') 



ei^h„,-i](A)l ei$[_„,_i](AOl 



Since the proof of Lemma 12.31 shows that the constants c\ are continuous in A, we obtain that 



lim ||/io(A) 



/Uo(A')||i<^(l-ci)"-i, VA<A 



crit • 



Since this holds for any n > 1, taking n — t- oo shows that A i— ?• /io(A) is continuous, rj-a.s. A similar 
argument shows that z^i(A) is continuous, rj-a.s., and thus that the right side of (|28p is continuous 
for A < Acrit- 



It remains to prove the pointwise convergence in (j28p . To this end, note that the terms in the 
sum on the right of (j25p can be re- written (for 2 < k < n — 1) as 



(29) 



ei^lO,k-2]WK-lW^[k,n~l] 

ei<I'[o,n-i](A)l 



/ e,^[0.k-2]{X) \ ^; .^x / 1'[fc.„-l](A)l 



ei'^[0,k-2]{X) 



- [fc,ra-l] 



(A)l 



We would like to approximate the numerator of the fraction on the right by ^fc_i(A)<I>^_]^(A)z>fc(A) 
and the denominator by ;Ufc~i(A)<&fe-i(A)ffc(A). Equations ([20]) . ([26|) and Lemma [3161 implv that 
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there exists a constant C depending on A such that 



ei^[o,fc-2](A)l 



l*^[fe,n-l](A)l 



^^fc_i(A)cI>^_i(A)i/,.(A) 



< 



ei^[o,fc-2](A) 



ei^[o,fc-2](A)l 



/ifc-i(A) 



+ 



ei^[o,fc-2](A) 



l'J>Li(A)|| 



^[fc,n-l](A)l 



l*«'[fc,n-l](A)l 



ei'^'[o,fc-2](A)l 
(30) < C(l - 

and similarly there is a constant C (also depending on A) such that 
ei^[o,fc-2](A) \ / $[fe^„_i](A)l 



i^fc(A) 



(31) 



e»«'[o,fc-2](A)l 



^fc-i(A) 



l*^[fe,n-l](A)l 



/^fc(A)^>fc_i(A)i/fc(A) 



< C'(l 



4NfeA{n-fc) 



The error bounds in ()30p and (I3ip allow us to approximate the numerator and denominator from 
separately, but in order to approximate the ratio we also need to obtain an upper bound on 
the numerator terms and a lower bound on the denominator terms. Lemma (13. 6p gives a uniform 
upper bound on the numerator terms, and if we denote the denominator by /i<I>fc„i(A)z/ then since 
the vectors ^ and v are both non-negative with entries summing to 1 , Lemma 12.31 implies that the 
denominator of the right side of (I29p is bounded below by 

V /i(i)$fc-i(A)(i,j>(i) > V ^i{i)cxv{j) = ex- 



Thus, with these upper bounds on the numerator and lower bounds on the denominator we can 
combine ()29p . ()30p and ()3ip to conclude that for some constant C" < oo depending on A that 

ei^[o,fe-2](A)$fc_i(A)«'[fc,n-i](A)l fik-i{X)^'k_i{XHW 



ei^'[o,n.-i](A)l 
This is enough to imply that 



< C"(l 



lip K,t,nW = 1™ - 



/ifc_i(A)$fc-i(A)i^fc(A) 



g4'jfcA(n-fc) 



„_>oo n ^ /ife-i(A)$fc_i(A)i^fc(A) 



Er, 



_/xo(A)<I>o(A)z.i(A) 
where the last equality follows from Birkhoff 's ergodic theorem 



rj-a.s. 



□ 



3.2. Truncated log moment generating functions. For certain parts of the proofs of the main 
results, it will be important to have modified versions of the previous results in this section when 
the moment generating functions $fc(A) are replaced by the truncated versions ^fc,M(A) as defined 
in (fTSl) . In the following we will use the notation <l>[m.n],A/(A) = <&m.,M(A)$m+i,M(A) • • • ^'n,M(A) for 
any m <n. First, we prove corresponding results for truncated versions of /in(A) and m„(A) exist. 

Lemma 3.8. For every u E ^2^, M > N^, A € M, and n € there exist vectors fin,M{X) o,nd 
^n,M{^) such that 

,. ei$[m„_i] m(A) $[„m] M(A)l 

^n,M(A) = hm — — — -, and Vn,MW = 1™ 



m^-cx. ej$[^_„_ip./(A)l' ' m^oo j^^(A)l' 
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where the limit in the definition of ^n,M{^) doesn't depend on i £ [d]. If in addition r] satisfies 
Assumptions^^ and\Mthen the sequences /in.,A/(A) and ^'n,,A//(A) are ergodic, and for any A < Xcritij]) 
the error hounds 



(32) 

and 
(33) 



sup 



7r$ 



[m,n-l\,M 



(A) 



m,n-l],A/(A)l 



Mn,A/(A) 



< 



2(1 - c\) 



A \n—m—l 



Vm < n, 



n,m] ,M 



(A)l 



l*^[nH,M(A)l 



l^n,A/(A) 



< 



2(1 - ctr 



,4 \m~n 



Mn < m, 



hold for rj-a.e. environment uj , where the c\ are the constants from Lemma \2.'J[ Moreover, 
lim fJ.n,Mi>^) = fJ-nW, and lim z^„,Af(A) = i^„(A), ij-a.s., < Xcritiv)- 



Proof. The key to the proofs of Lemmas 13.11 and 13.51 were the uniform upper and lower bounds on 
the entries of $fc(A) from Lemma l2.3i However, as noted in Remark 12.31 above, for M > N,^ and 
A < Acrit(^) the same uniform upper and lower bounds holds for the entries of <l*fc,A/(A) and $fc(A). 
Moreover, there are uniform upper and lower bounds on the entries of $A;,Af(A) when A > Acrit(^) 
as well since 

e\ < e^Pi°'^)(ri < M, Yt, = j) < «'o,A/(A)(i, j) < e^*^ G 0,, A > 0, M > N,. 

This shows that the limits defining /in,Af(A) and fn,A/(A) exist. Moreover, since the uniform and 
lower bounds are the same for $fc(A) and ^k,MiX) when A < Acrit(?/) the error bound in (I32p is the 
same as the one in (1201). 



Finally, we will show that //n,Af(A) — )• /^n(A) (the proof that i^n,M{X) ^'n(A) is similar). Since 
the entries of ^n,M{X) are bounded, let ^ oo be a subsequence where the limit exists and 
denote the limit by UniX)- By Lemma [3?T| for any e > we can be choose m = m{n, e. A) < n so 
that any probability distribution vr on [d] satisfies 



(34) 



7r$r. 



:,n-l](A) 



l-WiiX) 



< e. 



7r$[m,n-l](A)l 

Now, for this m fixed there exists a further subsequence of such that lim^^oo IJ'm,M' (A) also 
exists, and we will denote this limit by fi'^{X). The definition of ^k,MiX) ensures that 

and by taking limits of this equality along the subsequence we obtain that 

[m,n— 1] 

M?;.(A)ci>[^,„„i](A)i >■ 

Finally, applying with vr = /i^(A) we can conclude that ||/x^(A) — /i„(A)||i < e. Since e > was 
arbitrary we conclude that /i*(A) = fin{X) and so any subsequential limit of fin,M{X) must equal 

/Un(A). ' □ 



Next, we prove a truncated version of Lemmas 13.31 and 13. 7[ 

Lemma 3.9. For any distribution vr (even depending on uj) for the height of the initial location of 
the random walk, 



lim -logE"^ 

n— >oo n 



{rfe<A/,fc=l,2,...n} 



Er, [log (^o,A/(A)^>o,A/(A)l)] =: A,,,A/(A), rj - a.s. 
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A-r;,M(A) is convex in A and continuously differentiable for a// A € M with 

/^o,m(A)$o_m(A)'^i,m(A) 



Aio,M(A)$o,A/(A)z^i,Af(A) 



Moreover, limA/-i.oo Ar,,A/(A) = A^(A) for aZZ A € M and liiiiA/- 



A' (A) for all\<\ 



crit- 



Proof. Since we can represent the expectation as a matrix product by 



f^^^"lK.<A/,fc=l,2,...n} = ^$0,A/(A)$1,m(A) • • • «>„_l,A/(A)l, 



the proof that the hmit exists and the formula for the limit is the same as in the proof of Lemma 
13.31 and depends only on the uniform upper and lower bounds on the entries of $fc^Af(A). Similarly, 
the proof of the formula for A'^ is essentially unchanged from the proof of Lemma 13.71 

To show that A^^a/(A) A^(A), first note that <I>o,A/(A) ^*o(A) as M ^ oo by the monotone 
convergence theorem. If A < Acrit) then Lemma 13.81 and the bounded convergence theorem imply 
that 



lim E^n [log(/io,A/(A)$o,A/(A)l)] = E^, [log(^o(A)$o(A)l) 



VA < A 



Af^-oo 



crit • 



For A > Acrit we need to show that limAf-i-oo Ar,,A/(A) = oo. To this end, note that 



A,y,A/(A) > Erj 



min log 



V<^0,A/(A)(i,j) 



\3m 



Then, since $o,A/(A) *^o(A) as M oo and Y^j^z^d] *^*o(A)(i, j) = oo for any i S [d] when A > Acrit, 
the monotone convergence theorem implies that limA/^-oo Ar;,A/(A) = oo. 

To prove that A'^^^(A) A^^(A) for A < Acrit, first note that /io,A/(A) — >■ /Uo(A), J^i,a/(A) — >■ J^i(A), 
*^'o,A/(A) <^*o(A) and <^>qj,j(A) *^'o(A) as M — )• oo for any A < Acrit- The uniform bounds in 
(I19p and the proof of Lemma 13.61 give uniform upper bounds on the entries of $q jv/(A) that do not 
depend on M. Combining this with (I19p and the fact that /io,Af(A) and i^i,a/(A) are non-negative 
with entries summing to 1, we conclude by the bounded convergence theorem that 

>0,A.f(A)^''o,M(A)l/i,A/(A)' 



lim Er, 



M- 



/^0,Af(A)^>o,A/(A)l^l,A/(A) 



En 



/xo(A)a>o(A)z.i(A) 



□ 



4. Proof of the quenched LDP for hitting times 



Having proved the necessary facts about the quenched log moment generating function A^(A), we 
will now give the details of the proof of the quenched LDP for hitting times as stated in Theorem 
11.21 We will begin by first collecting a few necessary facts about the rate function Jj^ (recall that 
Jrf was defined in ([7]) as the Legendre dual of A^). 

Lemma 4.1. Let to = io('?) ond t* = t*{r]) be defined by 

(35) to = lim A' (A) and t* = lim A' (A). 
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Then Jrf is finite, convex and continuous on [l,oo), decreasing on [l,to] ^^^c^ non- decreasing on 
[tQ,oo). Moreover, 

'sup;,<o(At- A^(A)) ifte[l,to] 
(36) J^{t) = I sup^yoiXt - A^(A)) ift G [to,t*] 

^Xcritt — A.;y(Acrit) ift>t*. 

Remark 4.1. Note that io = t* if Acrit = and that t^ = A^(0) < if Acrit > 0. 



Proof. The main thing that needs to be proved is that hmA^._oo Ajj(A) = 1. To this end, note that 
Assumption [2] imphes that 

Thus, it fohows that 

(37) A + log(K) < A,,(A) < A, VA < 0, 

and since A,j(A) is convex and differentiable this imphes that hm;v^_oo A^(A) = 1. The conclusions 
of the Lemma then follow easily from the fact that Jr]{t) is the Legendre transform of A^(A). 
Indeed, since A^ is continuously differentiable, for any t € (l,t*) there exists a A^ < Acrit such 
that A^(A() = t. Note that this choice of At ensures that Jrf{t) = A^t — A^(At). From this, it is 
straightforward to prove the stated properties of J,,. □ 



The next Lemma shows that the parameter tg defined in (|35p also has an important probabilistic 
meaning. 

Lemma 4.2. // the random walk is recurrent or transient to the right, then for any initial distri- 
bution TT for the starting height of the random walk 

lim Tn/n = to, F'l-a.s. 

Remark 4.2. In light of the law of large numbers for hitting times in ([3|) we can conclude that 
to = I/vq, where vq is the limiting speed for the RWRE. 



Proof. First, we claim that the formula for A' (A) in Lemma 13.71 implies that 



(38) 



to 



lim E„ 



/io(A)$o(A)i/i(A) 



Er, 



/io(0)$o(0)i^i(0) 



If -E^[||$q(0) II] < oo then this follows from the dominated convergence theorem since 



< 



VA G [-1,0]. 



/xo(A)$o(A)z^i(A) ca c_i 

On the other hand, it can be shown that the uniform bounds on the entries of <^fc(A) in (jl5p imply 
that all of the entries of /io(A) and z^i(A) are in [cj^/d, l/{c\d)], and so 

^oiXWoiXHW > i4/d^)\\<^',{\)\\ ^ ciMim 



> 



VA e [-1,0]. 



/xo(A)$o(A)i^i(A) - ||$o(A)|| - d2 

Therefore, if S^[||<I>'(0) ||] = oo then it follows from the monotone convergence theorem that both 
sides of (l38l) are infinite. 



18 



JONATHON PETERSON 



Since we are assuming that the random walk is recurrent or transient to the right then the 
matrices $/fc(0) are all stochastic, and thus ffc(O) = ^1 for all A; € Z. Therefore, the formula for to 
in ()38p simplifies to 



(39) 



*o — En 



A.o(0)$o(0)l 



Er, 



^o(0)$'o(0)l 



Enifiom'om] =i^Ji?r^°^[ri 



/Uo(0)l 

Finally, the proof of the law of large numbers for T„/n in |Roi08j gives a formula for the limit, and 
translating this formula into our notation we obtain 



Tn 
lim — 

n— >-oo n 



Er, 



-a.s. 



□ 



The following lemma characterizes the zero set of the rate function J-q{t) and is consistent with 
the corresponding result for nearest-neighbor RWRE in |CGZ00j . 

Lemma 4.3. The quenched rate function for the hitting times has the following properties. 

(1) //lim„_j.oo Xn = — oo, then inf^ Jri{t) > 0. 

(2) If the RWRE is recurrent or transient to the right, then 

(a) //vo = 0, then Jrj{t) > for all t < oo but infj Jrjit) = limj_j.oo Jrj{t) = 0. 

(b) //vq > and Xcritii]) = then J-q{t) = <;=^ t > to = 1/vq. 

(c) If Vq > and Xcritii]) > 0> then J-q{t) = <^=^ t = to = 1/vq. 



Proof. To prove the first part of the Lemma, note that infj J-qit) = — A^(0) and so we need to show 
that A^(0) < when the RWRE is transient to the left. To this end, note that if the RWRE is 
transient to the left then P^{Ti < oo) < 1 for r/-a.e. environment uj and any distribution vr on the 
starting height. Therefore, 

A^(0) = i?^[log(^o(0)<&o(0)l)] = £;^[logPr^°^m < oo)] < 0. 



The second part of the Lemma follows easily from the fact that Jr){t) is the Legendre transform 
of the differentiable function A^(A), the fact that to = 1/vo, and the definition of to in ()35p . □ 



4.1. Upper bound. Since we are only proving a weak large deviation principle, the properties of 
in Lemma 14.11 imply that to prove the quenched large deviation upper bound it will be enough 
to show that 

(40) limsupilogPJ(T„ G [nt,oo)) < -sup(At - A^(A)), Vte[to,oo), rj-a.s., 

n— )>cxD n x^o 

and 

(41) lim sup- log PJ(T„ < nt) < - sup(At - A^(A)), Vt G [l,to], r]-a.s. 

n->oo n x<0 

To show (j40p . Chebychev's inequality implies that for any A > 0, 



e "l{T„<oo} 



Then, applying Lemma [3.3l and then optimizing over A > proves (|40p. The proof of (|4ip is similar 
and therefore ommitted. 
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4.2. Lower bound. For the proof of the quenched large deviations lower bound we will need the 
following Lemma. 

Lemma 4.4. If t > 1, then for all M > t + 2 there exists a Xt^M such that jv./(Aj^a/) = t- 

Proof. Since A^^a/ (A) is convex and continuously differentiable, it is enough to show that 

(42) lim At - A^,m(A) = -oo and lim At - A^,m(A) = -oo, Vte(l,M-2). 

A— oo ' A— >oo ' 

As in ([37]) . Assumption [2] implies that A^^Af (A) > A + logK for all A < 0. This is enough to prove the 
first limit in (|42p for t > 1. To prove the second limit in (|42p . for any A > and any distribution 
vr on [d\ note that 

K[e'^^lm<A./}] > e^(^-^)PJ(ri e [M - 2,M]) > e>^^''-^\^ , 

where the last inequality follows from Assumption [2j This implies that A^^jvf(A) > A(M — 2) + 
Mlog K for all A > which is enough to prove the second limit in (j42p when t < M — 2. □ 

For the large deviations lower bound, it will be enough to show that 

(43) lim liminf PJ(|r„ - nt\ < n6) > -JJt), Vt > 1, r/-a.s. 

<5— j-O n-i-oo 

We will follow a change of measure argument that is a minor modification of the one in |CGZ001 
pp. 76-78]. Fix M > maxjA^'^, t + 2} and A € M, and define the probability measure Q^\n on paths 
up to time T„ with < M for all A; < n by 

(44) ,p;" = e^^"l{ri,<M,k=i,2,...n}, where Zn,u,x,M = K 



^ -'-{rfc<M, fc=l,2,...n} 



e l{|T„-nt|<n5} 



Then, 

PJ(|r„ - nt\ < n5) > PZ{\Tn - nt\ < n6, < M, k = 1,2, . . . ,n) 

(45) > Z„,,,A,A/e-^("*±'")gi;*^(|r„ - nt\ < n5), 

where the it sign in the last line depends on whether or not A > 0. Then, since Lemma 13.91 implies 
that lim„,_j.oo ''^""'^ log ^n,aj,A,Af = A^^A,/(A) we conclude that 

(46) liminf-logPJ(|r„-nt| < n6) > -X{t ± 6) + Ar,,M{X) +limmf -log Q^'^ {\Tn - nt\ <n6). 

n— >oo n n—^oo n ' 

Now, let Xt,M be chosen as in Lemma 1131 so that A'^ j^j{Xt^M) = t. We claim that this choice of 
Xt^M implies that 

(47) lim Qt'n'^'\\Tn - nt\ < n5) = 1, V(5 > 0. 

To see this, note that for any h > Chebychev's inequality and the definition of Qu'fn imply that 



Qt:'n"^\T^ > n{t + 5)) = e~hn{t+S)_^ UM,M+h)T^-^ 

'^n,uj,Xt^M,M L 

Then, Lemma 13.91 implies that 



{Tfe<A/, fc=l,2,...n} 



lim sup - log Qt':n{Tn > n{t + 6)) < -h{t + 6) - A^^M{Xt,M) + A^^M{Xt,M + h). 
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Since Mi^t,^) = then for h > small enough (depending on 6) the right side above is strictly 
negative and so Q^ln' {Tn > n{t + 6)) decays exponentially fast in n. A similar argument shows 
that that Qt]n' {Tn < n{t — S)) also decays exponentially fast in n and thus (f^TI) holds. 

If we define Jr),M{t) = sup;^(At — A^^a/(A)) to be the Legendre dual of Ajj^m, then the choice of 
Xt^M implies that Jri,Mit) = \t,Mt — Ar,^M(Af,m)- Therefore, (H6]) and (fTFl) imply that 

limliminf ilogPJ(|r„ - nt\ <n6)> - \\m{J„M{t) ± SXi.m) = -^,M(i)- 

5-^0 n-i^oo n <5->0 

Ar;,M(A) is non-decreasing in M, and therefore Jn,M{t) is non-increasing in M. Thus, in order to 
finish proof of (|43p we need to prove that 

(48) lim Jr^^uit) = Jr,{t). 

M—>-oo 

Since Jn,M{t) is non-increasing in M, we can define Jn,oo{t) := limM-s-oo Jrj,M{t) > Jr]{t)- Note that 
it follows from Lemma 14.41 that Jr],ooit) < oo for any t > 1. Then, for any t > 1 and M < oo 
define KM,t '■= {A : Xt — Ajj^mW > Jrj,oo{t)}. Since A^^jv/(A) is non-decreasing in M, it follows that 
the sets KM,t are nested and decreasing. Also, ([12|) implies that KM,t is compact for all large M. 
Therefore, we can conclude that there exists a Xt^oo £ Ha/ ^M,t^ and thus 

Jri,oo{t) < lim At^ooi — A„^j\,f (Ai,oo) = Aj^oo^ — A„(At^oo) < <^(^)- 

A/— i-oo 

Since we showed previously that Jrj,oo(t) > Jr]{t), this completes the proof of (j^Hj) and thus also the 
proof of the large deviations lower bound. 



5. Proof of the averaged LDP for hitting times 



The main goal of this section is to prove the averaged large deviation principle for the hitting 
times as stated in Theorem 11.31 However, before giving the proof of Theorem 11.31 we must first 
study some properties of the rate function Sn(t). 

5.1. Properties of the averaged rate function for hitting times. Recall that the averaged 
rate function for hitting times is defined by the variational formula in (jlOp involving the specific 
relative entropy function h{-\r]). It is known that h{a\ri) < oo only if a G M*(il«;), but it will be 
useful below to show that there is an even smaller subset of Mf (0^) where the specific relative 
entropy is finite. To this end, let M.r) denote the set of stationary measures a with suppa C 
(recall the definition of from Lemma l2.ip . 

Lemma 5.1. // i] is locally equivalent to the product of its marginals, then h{a\i]) < oo implies 
that a € Mj^ = {a e Mf (f]^) : suppa C S^}. 

Proof. Recall that the specific relative entropy is defined by h{a\ri) = swpj^ ^H{a\ri)\g , where 
Qn = <7(wa;, X = 1, 2, ... n) and H is the general relative entropy function defined by 

rrr , ^ ff/log/ffvr if/ = ^ exists 
I OO otherwise. 

If a ^ ^ArJ then it is clear that a{{uJi,uj2, ■ ■ ■ , ^n) £ < 1 for some n < oo, and since r] is locally 
equivalent to the product of it's marginals this implies that a is not absolutely continuous with 
respect to rj when restricted to Qn- Thus h{a\ri) > H{a\ri)\„ = oo. □ 
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We will also need the following lemma which extends the definition of A^(A) in Lemma 
ergodic to stationary measures. 

Lemma 5.2. Let a G Mf{Qi^), then we can define 

[log(^io(A)«>o(A)l)] if\< \ant{a) 



from 



Aa(A) 



oo 



otherwise. 



where \crit{o) = sup{A : q(||<I>o(A)|| < oo) = 1}. Moreover, if a G Mrj then Xcrit{ct) > ^critii])! '^^d 
for any initial distribution vr ( even depending on the environment u ) 



(49) 



lim Ea 



- log EZ 

n 



Aa(A). 



Proof. Since a is stationary, it is a convex combination of ergodic measures on Q^- Then since 
A^(A) is well defined for each rj G MfiVt^) it is clear that the definition of Aq(A) above makes 
sense since the vectors /Uo(A) are defined a-a.s. when A < Acrit(a)- Also, since the uniform bounds 
on $o(A) only depend on the fact that a; G il^ and ||^>fc(A)|| < oo for all k, then it follows that 
ca < ^o(A)(«, j) < 1/ca for all A < Acrit(ce), a-a.s. Following the proof of Lemma [3^ we see that 
these uniform bounds imply that (f24|l still holds a-a.s. In particular, taking expectations of (f24|) 



gives 



(50) 



n 



logElie 



l-{T„<oo} 



}] -A„(A) 



< 



(1 - c\)cfn 



□ 



from which (|49p follows easily. 

Lemma 5.3. If r] satisfies Assumptions\^ and\^ then the map 

(A, a) ^ £;„[log(^o(A)$o(A)l)] = A,(A) 

is jointly continuous on (— oo, Acrit(^)) x and lower semicontinuous on (— oo, Acrit(??)] x -Mrj, 
where Adjj C Mi(Ok) is equipped with the induced topology of weak convergence of probability 



measures. 



Proof. Recall the definition of the truncated moment generating functions ^*fc,j\/(A) given in (llSp . 
For any M, n < oo and i G [d] it is easy to see that the function 

{X,a)^Ea -log(ei^> 

[0,n-l],M (A)l) 



(51) 



n 



Er^ 



1 



n 



iog£;(0'*) 



{Tfc<M, fc=l,2,...n} 



=: A 



a,M,nA 



.(A) 



is jointly continuous on M x Al^ since the inner quenched expectation can be expressed as the sum 
over finitely many possible paths. We would like to show that if (A, a) G (— oo, Acrit(??)) x then 
Aa(A) can be approximated by Aa^M,n,iiX) for sufficiently large n and M. To this end, we first 
need to be able to give a uniform error bound on the difference between the entries of $fc(A) and 
^'fc,M(A). 

< <&fc(A)(i,i) - a>,,,M(A)(i, j) = p^'=+^l{A/<T,+,<oo,y^^^^=i} 

< p(A-Acrit(r)))A/ ^(fc,^) r A„it(r))Tfc+i-| 

Therefore, Lemma 12.31 implies that 

W^kW - <^k,MW\\ < e(^-^"'*(''))*-^-, VA < Aent(r?), oo G S^. 
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Using this bound and the fact that ||*&fc,A/(A)|| < ||<I>fc(A)|[ < 2d/K we can then obtain that 
(52) ||$[o,n-i](A) - <^[o,n-i],M(A)|| < n (^-J e(^-^-*(''))*^ VA < Aent(^), G S^. 

Assumption [2] imphes that ei<^[o^,i_i]^A/(A)l > kT'c^^. Since | log(j;) — log(y)| < {\/5)\x — y\ for 
x,y > 5, this together with ()52p imphes that 

|log(ei^>[o,„-l](A)l) -log(ei«>[o,n-l],A/(A)l)| < |ej$[o,„-l](A)l - ei^>[o,n-l],M(A)l| 

for aU A < Acrit(^) and all uj G S^. Combining this with (j50p we can conclude that for any 
A < ACTit(??) and a G A^,;, 

^ / 2d \" 

Thus, by first taking n sufficiently large and then taking M large enough (depending on n) we can 
approximate Ac(A) uniformly well by A.a^M,n,i{^) on the set [A', A"] x for any A' < A" < Acrit(^)- 
Since (A, a) ^ ^a,M,n,i{^) is jointly continuous this then implies that (A, a) i-^ Ac(A) is also jointly 
continuous as claimed. 

Finally, to prove lower semicontinuity at {Xcrit{r]) , a) , let (A„,a„) {Xcrit{i]) , Oi) ■ Since A i-^ 
Aq,/(A) is non-decreasing and continuous for any a' G A^jj, it follows that 

liminf Aa„(A„) > lim lim Aq„ (Acrit(??) - ^) = lim Aa(Acrit(??) - = Aq (Acrit (?/))■ 

n— i>oo (5— >0n— S'oo (5—^0 

Note that in the second to last equality we used the continuity away from Acrit(??) that we proved 
above. □ 



|A.(A) - A.,M,..(A)| < ^T^^roo + UEa e(^-^-(^))^. 



Recall that the averaged rate function is defined by the variational representation in (|10p . The key 
to proving the averaged large deviation principle with this variational formula for the rate function 
is the following lemma which gives an alternative formula for Snit) as a Legendre transform. 

Lemma 5.4. Let the distribution on environments rj satisfy Assumptions^^ Then, 
(53) J,,(t) = sup{At — A^(A)}, where A^(A) := sup {Aq,(A) — /i(a|r/)} . 

Moreover, A^(A) is a convex, non- decreasing, lower semicontinuous function and A^(A) < oo if 
and only if X < Xcntiv)- 

Before giving the proof of Lemma 15. 4^ note that together with standard properties of Legendre 
transforms it implies the following Corollary. 

Corollary 5.5. Let the distribution on environments r] satisfy Assumptions\M - Then, Jr;(i) is 
a convex function in t and 

inf J^(s) = sup {At — A^(A)} 
A<o 

and if Xcruii]) > then 

infj^(s)= sup {At — A^(A)}. 

S>t 0<X<Xcr^t{v) 
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Proof of Lemma \5.4\ Since Aa(A) is convex and non-decreasing in A for any a G M|(Ok)) it follows 
that A^(A) is also convex and non-decreasing in A. The definition of A^(A) implies that A^(A) > 
A^(A), and thus it follows that A^(A) = oo for any A > Acrit(^)- On the other hand, if A < Acrit('?) 
then 

A^(A) = sup {AaW - h{a\7])} < sup Ac,(A) < log(d7cA), 

aeMn aeMn 

where the first equality follows from the fact that h{a\rj) = oo for a ^ and the last equality 
follows from the uniform upper bound in (jl6p on the entries of ^'ol-^) for environments lo € S^. 
This shows that the domain of A^(A) is (— cx), Acrit (??)]• For any a G Air] the function A i-?' Aq,(A) 
is continuous on (— oo, Acrit(??)] (continuity follows from Lemma [53] when on (— oo, Acrit(?/)) and by 
monotone convergence at A = Acrit (??))• Since A^(A) is the supremum of a family of continuous 
functions this implies that Af,(A) is lower semicontinuous. 

We have thus shown the claimed properties of A^(A) and it remains to show that Irjit) is the 
Legendre transform of A^(A). First, note that the supremum in the definition of A^(A) can be 
restricted to a € A4rj by Lemma l5. 11 Next, we claim that 

sup {At - A,, (A)} = sup inf {Xt — Aa{X) + h{a\r])} 
A A<A„,t(»?) "^^-^'J 

(54) = inf sup {Xt - Aa{X) + h{a\r])} . 

A<A„it(r?) 

The restriction of the supremum to A < Xcritiv) in the first equality is justified by the fact that 
A,j(A) = oo for A > Acrit(^) and the interchange of the supremum and infimum in the second 
equality above follows from a minimax theorem |Sio581 Theorem 4.2'] since the function (A, a) i— >■ 
At — Aq,(A) + h{a\r]) is concave in A, convex in a, and the set Mrj is compact. 



To finish the proof of the lemma, we need to show that the infimum in ([54]) can be restricted to 
a € (Ok)- To this end, first note that since the function a i-> h{a\r]) + supA<;^^^,.^(^){At — Aq(A)} 
is lower semicontinuous and the set Mr] is compact, there exists an a' G A^^ that achieves the 
infimum in (1540 . As in the proof of Lemma 14.11 the uniform ellipticity assumptions imply that 
A,j(A) > A -|- log K for all A < 0. Thus, for any t > 1 the supremum in ([Ml) can be restricted to A > 
Kt := log K/{t — l). Since A i-^ At — A„/(A) is concave there exists a pair (a', A') G Airi x [Kt, Acrit(^)] 
such that 

inf sup {At - A„(A) + /i(a|r?)} = A't - A^/ (A') + /i(a'|??). 

"e^''A<A„it(';) 

By Assumption [3] there exists a sequence of ergodic measures a„ — )• a' with /i(a„|r7) — )■ h{a'\r]). For 
each a„ let Xn G [Kt, Acrit(r/)] be such that snpx<x,^i,(r,){^t - ^an(^)} = ^nt - Aq,„(A„). Thus, by 
passing to a subsequential limit we can assume without loss of generality that A„ — )• A* for some 
A* G [Kt, Xcritiv)]- Finally, by the lower semicontinuity proved in Lemma 15.31 we can conclude that 

inf sup {At - Aq,(A) + /i(a|r7)} < liminf A„t - Aq,„(A„,) + /i(Q;„|r/) 

(56) < A*t-A«/(A*) + /i(a'|r/). 

Combining (I55p and (1560 we conclude that 



inf sup {Xt - AaiX) + h{a\r])} < inf sup {At - Aq,(A) + /i(a|?7)} . 

aeMf A<A,rit(r?) aSA/f A<A„it(»?) 

Since the reverse inequality is trivial, recalling (1540 we can conclude for t > 1 that 
sup{At — A„(A)} = inf sup {At — Aq,(A) -|- /i(a|7?)} = inf Ja(t) + h(a\rj) = Sr,(t). 

A aeAff(Q«)A<A„it(')) aeAff(f7«) 
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It is easy to see that both sides of (j53p are infinite when t < 1 since A^(A) < A for A < and 
Jait) = oo for t < and any a. Thus, it remains only to show that (j53p holds when t = 1. We will 
show this by a slight variation in the minimax argument used above in the case when t > 1. First, 
note that since A^(A) is convex and A + log k < A^(A) < A for A < 0, it follows that 

(57) sup{A - A^(A)} = lim {A - Ar,(A)}. 

Secondly, note that the continuity of a i— t- Aq,(A) implies that the supremum in the definition of 
A,;(A) can be restricted to a € (fi^) if A < Acrit(?7) (Note that here we are also using Assumption 
[3] here to approximate the entropy for stationary a by entropy of ergodic a.). Combining these two 
facts we obtain that 

(58) sup{A - A.„(A)} = sup inf {X - AJX) + h(a\r])} . 

For convenience of notation define fr^{X, a) = A — Aq,(A) + h{a\r]). Note that as in ([57|) . the upper 
and lower bounds on Aq,(A) in ([37|) imply that 

(59) sup{A - Aa{X)} = lim {A - Aa{X)}, Va G Mf (17^). 

\ A— oo 

Thus, we can define /^(— oo, a) = lim;^_^_oo /r?(A, a) so that we may write 

sup{A — A^(A)} = sup inf /(A, a). 

Since [— oo, — 1] is compact, if we can show that f^(X,a) is lower semicontinuous in a for any 
A G [— oo, —1] we will be able to apply the minimax theorem |Sio58l Theorem 4.2'] to conclude that 

sup{A — A^(A)} = inf sup {X — Aa{X) + h{a\r])} 

(60) 

= inf 1^(1) + /i(a|r?)} =1,(1). 

o6Mf(r2„) 

(Note that we are applying a different minimax theorem here than we did above.) Lemma 15.31 
implies that /,(A, a) is lower semicontinuous in a for any A G (— oo, Acrit (??))■ To prove lower 
semicontinuity in a when A = — oo, if — ^ a then for any fixed Aq > — oo 

liminf /„(— oo, a,i) = liminf lim {A — Aq,^(A) + /i(a„|?7) 

n— >-oo n— 5>oo A— oo 

> lim inf {Ao - Aq,„(Ao) + /i(a„|r?)} 

> Ao - Ac,(Ao) + /i(a|??), 

where in the second to last inequality we used ()59p and in the last inequality we used Lemma 



and the fact that h{(x\ri) is lower semicontinuous in a. Since this is true for any Aq G (— oo. Ad-it (??)) 
we can conclude that liminf„_5.oo frii—oo, an) > limAo-j—oo /(Aq, a) = /(— oo, a). This justifies our 
application of the minimax argument in (j60p and thus finishes the proof of the Lemma. □ 



The final property of the averaged rate function Iri{t) that we will consider is a characterization 
of the zero set. Lemma [4. 31 gives a description of where the quenched rate function for hitting times 
Jrjit) is zero. A consequence of Lemma [5.3l is that the averaged rate function has the same zero set. 

Lemma 5.6. // the measure r) on environments satisfies Assumptions^^ anc?[^ then Jr?(i) = 
<;=^ Jr]it) = 0. In particular, if the RWRE is recurrent or transient to the right then J-q{t) is 
non-increasing on [1,1/vo] and non- decreasing on [l/vo,oo). 

Proof. Obviously from the definition of the averaged rate function in (fTU|) , it follows that J, {t) < 
J-q{t) for all t and so J-q{t) = implies that 2r){t) = also. On the other hand, assume for 
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contradiction that Jriit) > but Iri{t) = 0. Then, there exists a sequence an € Mf (il^) of ergodic 
measures such that Jan{t) and h{an\'r]) ^ as n — > oo. If /i(a„|ry) 0, then it must be true 
that a„ rj. However, if Jr^{t) > then there exists a A' < Acrit(^) such that X't — A^(A') > 0, and 
thus Lemma 15.31 imphes that 

hminf J«„(i) > hminf A't - Ao„(A') = X't - A„(A') > 0. 

n— >oo n— >oo 

Since this contradicts the claim that Ja„ (t) — )• as n — )■ oo this completes the proof that the zero 
sets of Jr^ and are identical. The final claim follows from the fact that J,y(i) is a non- negative 
convex function and J^(l/vo) = Jr;(io) = 0. □ 



5.2. Upper bound. As in the quenched case, the key to proving the large deviation uppper bound 
is computing the asymptotics of the averaged log moment generating functions of T„. 

Lemma 5.7. Let the distribution on environments r] satisfy Assumptions\^\M CLnd\^ Then, 

< A^(A), VA < Xcritiv)- 



lim sup — log EJ^ 

in !i. i~v^ f I J 



Proof. We begin by noting that 



-logK; 

n ' 



e "l{T„<oo} 



1 

- log Er, 

n 

- log 

n 



e "l{r„<oo} 



exp <j log EZ 



{T„<oo} 



Then, since we can approximate logi?^ [e''*'^"l|7-^<oo}] by Y12=o^^s{f^k{X)^k{X)l) with uniform 
error bounds given in (j'24|) it follows that 

rn-i 

expi ^log(/Xfc(A)$fc(A)l) 



(61) 



n 



logK 



{T„<oo} 



1 



n 



logEj^ 



.k=0 



< 



:i-4)c>- 



Moreover, recalling the definition of the empirical process L„ in Q, we can re- write the sum inside 
the second expectation on the left as 

n— 1 „ 
(62) J]log(/Xfc(A)$fc(A)l) = n / log(^o(A)$o(A)l) L„(da;). 

fc=0 ^ 
Recall that L„ satisfies a large deviation principle on Mi^i},^) with rate function h{-\ri). Then 
Lemma [5.31 allows us to apply a version of Varadhan's Lemma (Lemma 4.3.6 in |DZ98| ) to conclude 
that 



1 



(63) lim sup — log E"^ 



n 



exp |n ^ log(^o(A)$o(A)l) Ln{du}) 



< sup {A«(A) - h{a\r])} . 



Combining (I6ip . (162p and ([63]) and recalling the definition of A,y(A) in (I53p finishes the proof of the 



Lemma. 



□ 



We are now ready to prove the large deviation upper bound for Theorem 11.31 Since the rate 
function J,j(t) is convex, it is enough to prove the large deviation upper bound for the left and 
right tails of the hitting times. To this end, note that P^(r„ < nt) < e"^"*E^[e^^"l{7^,^<oo}] for 
any A < 0. Thus, Lemma 15.71 and Corollary 15.51 imply that 

lim -logP;;(r„ < nt) < -sup{At- A„(A)} = -infJI„(s). 

n-s-oo n ' A<0 
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The large deviation upper bound for the right tails is proved similarly. In particular, since PJ^(T„ G 
[nt, oo)) < e~^"'^K'!^[e'^'^"l^rp^^^j] for any A > 0, then Lemma 15.71 and Corollary 15.51 implv that 

limsup-logPJ!(r„ G [nt,oo)) < - sup {Af - A^(A)} = - inf JI^(s). 

5.3. Lower bound. To prove the averaged large deviation lower bound for hitting times it will be 
enough to show that 

lim liminf - logP^^flT^ - nt\ < n5) = -iJt), Vt > 1. 

To this end, recall the definition of Qt\n from (|44p in the proof of the quenched large devi- 
ation lower bound for hitting times. Q^\n is a distribution on paths of the random walk up 
to time Tn that depends on the environment u and so for any ergodic measure a on environ- 
Now, let 



ments we may define the corresponding averaged measure Qa,n {■) = Qu,n {■) 
J^n,M ■= o-({Tfe}fe=i, Wx}]iZ-M+i) ^n,M ■= ^^({^x I^I^M+i) • Then it is easy to see that 

(64) //(Q^;^|P-)|_^^^^=i/(a|r7)|^„ + / H{Qtf\P:)\^^^^a{du;), 

where in the above H{-\-) is the relative entropy function. The definition of the measure Q, 
implies that 

^(Qi:n = Eq.m [XTn] - logi?:[e"^"l{.,<M,fc=l,2,...n}]. 

Then as in the proof of the quenched large deviation lower bound, choosing Aj^m as in Lemma W. 
and then applying (j47p and Lemma 13.91 we obtain that 

lim - [ H{Qt':^'''''\P^)L aidio) = Xt,Mt - Aa,A/(At,A/) = Ja,M{t). 

Note that in taking this limit we used the fact that the measure Q^'^ is constructed so that 
Qt:n{Tn/n<M) = l. Then, since lim„_5.oo?^ = h{a\vi) we conclude from that 

■'n,M 

lim -H{q^^:f'''\F;)\^ ^=J^^M{t)+h{a\r,). 

n— >-oo n ' '-^n.M 

Finally, since (j47p implies th.3>t liiii7T,_^oo Qj,n'' {\Tn — tn\ < 5n) = 1 for any 5 > 0, it follows from 
[CG/OOl Lemma 7] that 

liminf-logP;;(|r„-tn| < 5n) > - { Ja,A/(t) + /i(a|??)} • 

n— >-oo fl ' 

This inequality holds for any 5 > 0, A/ < oo and a G M1{Q.^). Thus we conclude that 

lim liminf - logP;:(|r„ - tn\ < 6n) > - inf lim {J„ mW + h(a\7])} 

= - inf {Ja{t) + h(a,i])} 
aeAff(n,) 

= -s^{t), 

where the second equality follows from (j48p . This completes the averaged large deviations lower 
bound for hitting times. 
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6. Transferring a LDP from r„/n to Xn/n 



Having proved the quenched and averaged large deviation principles for the hitting times, we 
now use these to prove quenched and averaged large deviation principles for the speed Xn/n of the 
random walk. We begin by defining what will be the quenched and averaged rate functions for the 
speed. 



(65) 



In{x) 



x > 
x = 
x < 



and \{x) 



xJI^(l/x) X > 

Acrit(??) X = Q 

Jx|JI^(l/|x|) x<0. 



xJj^{l/x) 
\xW/\x\) 

Lemma 6.1. If the distribution rj on environments satisfies AssuniptionsU\and\^ then the function 
Iff as defined in (j65p is continuous and convex on [—1,1]. Moreover, if Xcrit > then Irjix) = if 
and only if x = vq while if Xcrit = then Ir){x) = if and only if x is in the interval between and 



Lemma 6.2. If the distribution rj on environments satisfies Assumptions\0^ then the function 
as defined in (165p is continuous and convex on [—1,0) and (0,1] separately. Moreover, the averaged 
rate function has the same zero set as the quenched rate function: I,y(x) = <;=^ ^r^ix) = 0. 

Remark 6.1. Since 1,^(2;) is non-negative, it follows that Iriix) is convex on all of [—1, 1] if Xcritiv) — 
1^(0) = 0. We suspect that I^(x) is a convex function even when Acrit(??) > 0, but are currently 
unable to prove this with our techniques. Nonetheless, convexity of the rate function is not needed 
to prove the averaged large deviation principle for Xn/n. It is likely that the techniques of Varadhan 
|Var03j which were later generalized by Rassoul-Agha |RA04j can be used to give another proof 
of the averaged large deviation principle for RWRE on the strip and show that indeed the rate 
function is convex. 



Proof of Lemma \6.1\ If f{x) is a convex function, then x 1— t- xf{l/x) is also convex. Thus, the 
definition if implies that is continuous and convex on [—1,0) and (0,1] separately. We still 
need to show that is continuous and convex at the origin. The continuity at the origin will follow 
from the following two facts. 

(66) lim Jr^{t)/t = Xcntiv) and Acrit(??) = Acrit(??^'''')- 



The first assertion in (j66p follows easily from the fact that J-q{t) is the Legendre transform of the 
convex function A.;y(A) and A^(A) < 00 if and only if A < Acrit(f?)- To prove the second assertion in 
(pHI) . define the matrices ^n(A) by 



XTn-l -1 ^ 

e -'-{T„-i<oo,yT„_i=i} 



l>„(A)(i,i)=ii;("'^) 
Note that ^n{X){uj) is <I>„„(A)(a;^'^^) and thus Lemma [27T] implies that 



(67) 

Now, for any n > 1, 



e l{T_i<oo} 



< 00 



A < X,,-Mn- 



Em 



{T„<oo} 



> 



{T„i<T„<oo} 



j 



L{T_i<T„,yT_i=j} 



cI>_l(A)(i,^)i?^) 



{T„<oo} 
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If A < Acrit(?/), then Lemma [231 implies that sj^'^^e^'^'^l^j-^^^y] < oo and $_i(A)(j, > c\ for all 
j € [d]. Thus, we obtain that 



Em 



HT-l<Tn} 



< 1/cA Vn > 1, i G [d], A < Acrit(r/). 



The monotone convergence theorem then implies that -E',^'^'*^ [e'^-^'i < 1/cx for any i G [d] 

and A < Acrit(^)- Applying this to ([67|) we obtain that Acrit(??) < Acrit(??^'^^)- The reverse inequality 
follows from a symmetric argument. 

To show that Irj{x) is convex at x = it is enough to show that Irj{—x) + Irj{x) > 21;, (0) = 2Acrit 
for any x > 0. However, since Jri{t) > Acrit^ — A^(Acrit) for any t we have that 

Ir,{-x) + Ir^{x) = Xj^inv{l/x) + xJr^{l/x) > 2Acrit " X { A^^inv (Acrit) + Ar;(Acrit)} • 

Therefore, convexity at the origin will follow if we can show that A^^inv (Ad-it) + A.;y(Acrit) ^ 0. To 
see this, first note that for any n > 1 and A < Acritj 



„^Tn -1 

e i-{T„<T^„,YT„=j} 



(^^'^°'^{To<oo,YTg=l} 



Em 



e^^-"l{T_„<oo} 



Choosing i = in{^) that minimizes 

l{T_„<oo}] we obtain that 



(68) 



1 > ^ 4°''" 



{T„<T_„,yT„=i} 



{To<oo,yTo=0 



For any k > —n and A < Acrit, define the matrices <I>["^(A) by 



{Tfe+i<T_„,yT =i} 



With this notation, taking logarithms in ()68p and dividing by n we can write 



1 



> ^ log (e.„ (<)(A) . . . ^':\{\)) ($„(A) • • • 1.1(A)) 1 
1 



-Sn) 



(69) 
where 



n 



log (e,„<)(A) • • • CA(A)l) + - log {^n^n{\) ■ ■ ■ ^i(A)l) , 



1 



n 



e^„<^(A)---C-^i(A) 



(n) 



e..<^(A)---<&ri(A)l 



(n) 



Now, recall the definition of the matrices $n,A/(A) from (jlSp and note that $fc^M(A)(i,j) < 
^i"^(A)(i, j) < $fc(A)(i,i) when M < k + n. Then Lemmas [33] and EJ] imply that 



(70) 



lim ilog(e,„<)(A)...cI.(:^_)i(A)l) =A,(A), 7?-a.s. 

Til' tOO 7t ^ 



Also, as in the proof of Lemma 13.31 we can show that 



sup 



1 - - 1 " 

- log (7r^„(A) . . . |.i(A)l) - - V log(/ifc(A)$fc(A)l 
re 're ^-^ 



k=l 



< 



n(l-4)cf' 



where /2fc(A)(a;) = ^_fc(A)(6J^'^^). Thus, we can conclude that 



(71) lim - log (7r„$„(A) • • • |.i(A)l) = E.,, [log(/2o(A)|.o(A)l)] = A;,i„v(A), r/-a.s. 

n— >-oo re / > L J / 
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Applying ([70]) and ([7T|) to ([69j) implies that A^(A) + A^inv(A) for any A < Acrit which, as noted 
above, shows that is convex at x = 0. 

Finally, we note that the claimed properties of the zero set of follow from the corresponding 
properties for the zero sets of J„ and J inv which can be deduced from Lemma 14.31 □ 



Proof of Theorem \6.2l As with the quenched case, convexity on [—1, 0) and (0, 1] separately follows 
from the convexity of Jr)(i) and J^inv (t). Since Lemma [53] shows that Sr](t) is the Legendre transform 
of A^(A) and since A^(A) < oo if and only if A < Acrit (^)i it again follows that 

hm — = Acrit (??)• 

t— )-CX3 t 

Since the same is true with r] replaced by r/^"^ and since Acrit = '^crit(??^°^)5 this proves that Ini^) 
continuous at a; = 0. Finally, the fact that 1,^(2;) and Ir^{x) have the same zero sets follows from 
the corresponding property for Srt{t) and J-qit) in Lemma 15.61 □ 



In addition to the properties of and that we proved above, the crucial tool in transferring 
the large deviations from T„/n to Xn/n will be the following lemma which gives a uniform quenched 
large deviations upper bound for slowdowns. 

Lemma 6.3. Assume the distribution r] satisfies Assumptions U\ and \M ctnd that the RWRE is 
recurrent or transient to the right. Then, 

(72) limsup - log J max sup P^,"'*) ( inf < ) I < -/r,(0), 

n^oo n I ^(zQ^ \m>n J J 

where C il, is the support of the distribution r]. 

Remark 6.2. A similar statement for RWRE on Z with holding times was proved in |DGZ041 Lemma 
4]. The main difference in Lemma [6.3l is that the need to take the maximum over the initial starting 
height i as well. The proof below is essentially an adaptation of the proof in [DGZ04j but we present 
it here for completeness and to complete some minor gaps in the proof from |DGZ04] . 



Proof For notational convenience, let an = inf{m > n : < 0} and 

f3n{uj) = max ((T„ < 00), and a„ = sup /3„(w). 

With this notation, the statement of the lemma is that lim sup,„^oo ~ lo§ '^n ^ —Iri (0) . We will first 
show that 

(73) lim — loga„, = lim — log/3„,(a;) = lim — log P^°'*^(cj„ < 00), Vi G [d], r/-a.s. 

rn>oo n n— ^00 fi n— >oo 77, 

The proof will then be finished by deriving quenched large deviation estimates for P!^'^\(Tn < oo). 

First of all, note that the uniform ellipticity in Assumption [2] implies that 

Pi°'^)(a„ < oo) > ^2pi0'^')(a„_2 < oo) > K'Pi°'^')(a„ < oo), yi,j G [d]. 

From this it is easy to see that Pn+ki^) > i^-'^ Pni^)Pki^) for all n, /c > 1. This super-multipicative 
property, combined with the fact that f3n{uj) > fc" for all n > 1, is enough to show that the limit 

B{uj) := lim ilog/3„(a;) 
»n>oo n 
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exists, and B{lo) G [logK, 0]. Moreover, since Pni^) > -Pi°'*^(<7n < oo) > x-'^f^ni^) for any i G [d], 
the third hmit in (j73|) is also equal to B{io). To prove the first equality in ([73]) . first note that it's 
obvious that B{uj) < liminf„_^oo log«n- Let A := limsup,„^oo log a„. Then for any fixed 
k > 1, it can be shown that there exists a > k, uj^^^ € and ^fc ^ 1 such that 



- log <! maxp(;';V„, < 4) [> > A - ^. 



1 



mapping uj ^ maxj P^''^^ {cjn < tj is co 
that for every A; > 1 there exists a relatively open subset C r2„ such that r]{uj € G^) > and 



Since for fixed n,i < oo the mapping u i— > maxi P^'^\an < is continuous on we conclude 



— log \ max sup < 4) > > ^ - 7. 



Since r/(a; G G^) > and 77 is an ergodic measure on environments, it follows that for any k and 
rj-a.e. environment uj there exists a = dk{uj) < such that 9~'^^uj € Gk- Then, 

/3n(^) > K'^'^Pf < 00) 

Therefore, we can conclude for r/-a.e. environment and any fixed k that 

P(l^)= lim -log/3„(w) > + 

n Uk k 

Taking /c — )• 00 we conclude that i3(c<j) > A = limsup^^^^ n"-*^ log q;,„. 



We have thus shown that the three limits in (I73p all equal the constant A. It remains to 
show that A < — /;y(0). This is obviously true when Acrit(^) = I-qiO) = 0, and so we need only 
to consider the case when Acrit(^?) > 0. Recall that to(??) = ^'rjW < 0° when Acrit(??) > 0. 
Since Acrit(??) = Acrit(??^'^^) > this implies that to(7?), to(??^°^) < 00 and that Jri{t) and J^inv(t) 
are non-decreasing on [to(r/),cx)) and [to(^^°^), 00), respectively. For convenience of notation let 
p1!''*\-) = maxj p!:!''^\-). Then, for any i G [d], K < 00 and < ti < A t^^^^invy 

PiO'^)K<oo) 

(74) < P^o,*) (T^^^,^^^ > + pa-l,*)(To e [n, 00)) 

+ E ^^"^^ (^W ^ ^)) (^0 € [1^, ^)) (c), 

where by convention we let /3-m{u}) = 1 for any m > 0. Note that in the last sum above we have 
restricted k,i > uK since otherwise the probabilities inside the sum are zero. 

Next we derive large deviation upper bounds for all of the terms on the right side of (j74p . For 
the first term on the right. Theorem 11.21 implies that 

limsup -P^O'*) {T^nu\ >n)< -uJr, (-\ = -Ir, {u) , 
n— >-oo n V^/ 

where in the first inequality we used that l/u > to('?)- Similarly, we claim that 

(75) limsup ip^M,*) (To g [n, 00)) < -uJ^m. ( - ) = -/^ {-u) . 

Note that (I75p does not follow directly from Theorem 11.21 since the starting location of the random 
walk is changing with n. However, it can be shown that the proof of Theorem 11.21 still carries 
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through in this case. Indeed, the key to the large deviation upper bound is the computation of 
the asymptotics of the quenched log moment generating function, and as was shown above in ()7ip , 
lim„_!.oo log E^'''\e^'^°l^j:^-^^^'^] = A^inv(A). From this the proof of ([75]) is standard. Finally, in 
the same way it can be shown that for fixed k,i 

M) ( J- 



limsup-log|pi°"^ [T^r^u] G 



(76) 



< 



< 



inf uJ„(t) + 



te 



inf 



{k-l)n kn\\ p{\nu],*) ( rp ^ 
K 1 K 1 1 -^U} MO t 

k + > 



Inv 



uJr 



i- 

\Ku 



+ M J„Inv ( — I + ( 1 




K 



'{i-l)n 




K 




)/ 









|M} 



where the error term A„j^ vanishes as — )■ oo for any fixed u (this follows from the fact that J-^ 
and J^inv are uniformly continuous on [1, 1/n]). For the terms inside the braces in ()76p we have 



i- 

\Ku 



\Ku 



-Ku 



k + i , , 



where the last inequality follows from the convexity of 

Since we are trying to show that A < — /^(O), we may assume for contradiction that A+Ifi{0) > 
in which case 



k + e 




1 



k + . 

IT 



A + uAu,K 



-lr,{0) ifk + £>K 

A - 2n(/^(0) +A) ifk,e> uK, and k + £<K. 

Combining all of the above large deviation estimates for the terms on the right side of (j74p and 

using the fact that A = lim„_j.oo n'~^ log -Pi.^'*^(cr„ < oo), we obtain that 

A < max {-/^ (-n) , (u) , -/^(O), A - 2u{lni0) + A)} + uAu,k- 

Letting K ^ oo we get the same inequality without the last term since Au^k — ^ for u fixed. Since 
we assumed for contradiction that /r)(0) + ^ > 0, the last term in the maximum is strictly less that 
A, and thus the maximum must be attained by one of the first three terms. Then taking n ^ we 
conclude that A < — /^(O), contradicting our previous assumption that A > — /^(O). □ 



6.1. Proof of Theorem 11.51 We are now ready to prove the quenched large deviation principle 
for Xn/n as stated in Theorem 11.51 Note that by symmetry, we may assume that t] is such that 
the RWRE is recurrent or transient to the right so that vq > 0. Since Irjix) is non-increasing on 
[— l,vo] and non-decreasing on [vo,l], to prove the large deviation upper bound it is enough to 
show that 

(77) lim sup — log (X„ > xn) < —I^{x), rj-a.s. Vx > vq, 
and 

(78) lim sup — log (X„ < xn) < —I^{x), rj-a.s. Vx < vq, 

n— >oo IT' 
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To prove (|77p , note that Theorem 11.21 imphes that 

1 1 
limsup - log P^{Xn > xn) < Urn sup - log P^{T^^n] < n) 

n—^oo n—^oo IT' 

< —X inf Jrj(t) = —xJ„(l/x) = —I„(x), \/x > Vq, 

t<l/x 

where the second to last equahty follows from the fact that is non-increasing on (— oo, io] £iiid 
to = 1/vo (see Lemmas 14.11 and 14. 2p . 

To prove corresponding large deviation upper bounds for the left tails note that for any x > 
and a fixed < oo, by decomposing according to the hitting time T^xn\ we obtain 

P^iXn < xn) < PJ(rL,„j > n) 

Lemma 16.31 together with Theorem 11.21 then implies that for x € (0,vo], 
limsup— log < xn) 

n— >oo ^ 

< —mini X inf J„(t), min < inf xJ„(t) + f 1 — —] Iri(O) \ > 

(80) = - min |xJ,(l/x), min j^^^inf sl^{x/s) + {I - s) /^(O) " (;| " ^^7(0)11 

< - min J /^(x), min J inf /^(x) - ( ^ - s] lr,{0) \ \ 



= -Ir,{x) + -i/^(0), 

where in the first equality we used that infj>i/^ J^(t) = J^(l/x) since Jrjit) is non-decreasing on 
[I/vq, oo), and in the second to last line we use the fact that Ir]{x) is convex in x. Finally, letting 
if — )■ oo proves ([78]) when x € (0,vo]. Similarly, if x < then {Xn < xn} C {T^xn\ < ^} and by 
decomposing according to the hitting time T^xn\ we obtain 

PJ(X„ < .„) < gPJ (n„, e (^^,f ]) {m»P;,iL (.^„inf X. so)}. 

From this, the quenched large deviation principle for T_„/n together with Lemma 16.31 implies that 



lim sup — log {Xn < xn) < — min < 

n^oc n k<K 



jnf ^ |x|J^i„v(t)+ ( 1--|)I,(0) 



= — mm 

(81) *^<^ 



< - min { inf /^(x) - ( ^ - s ) i^^(O) 
-/,(x) + -il,(0). 
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Again, letting K ^ proves dUD for x < 0. Finally, since < 0) < PJ(inf„>„Xm < 0), 

Lemma [6.31 implies that ()78p holds for x = as well. This completes the proof of the large deviation 
upper bound in Theorem 11.51 

For the large deviation lower bound, it is enough to show that 

(82) lim liminf - logPJ(|X„ - xn\ < 6n) > -IJx), ry-a.s., Vx € M. 

5-j.O n-s-oo n 

To show this when x ^ 0, since \Xk — Xk-i \ < 1 for all /c > 1 it follows that 

- xn\ < 5n) > (ITl^^j - n| < ,5n - l) . 

Then (|82p follows easily from the quenched large deviation principle for T„/n when x > or from 
the quenched large deviation principle for T-n/n when x < 0. To show ([82]) for x = 0, note that the 
continuity of Irj implies that for any e > there exists a (5o = 5(){e) > such that In{5/2) < lr^{0) +£ 
for all 5 G (0, 6q). Applying (I82p with x = 5/2 implies that there exists a, 6' < 5/2 such that 

liminf-logPj:(|X„| < 6n) > liminf - log PJ(|X„ - (5n/2| < 6'n) 

n— i-oo n n— i>oo n 

> -Iri{5/2) -e> -IriiO) - 2e. 

Since e > was arbitrary, this proves (|82p for x = and thus finishes the proof of the quenched 
large deviations lower bound for Xn/n. 

6.2. Proof of Theorem 11.61 To prove the averaged large deviations lower bound for Xn/n it is 
enough to show that 

(83) limliminf ilogP;!(|X„ -nxl < nJ) > -I„(x), Vxe(-l,l), 

As in the quenched case, when x ^ this follows from Theorem 11.31 and the fact that 

Fl^{\Xn - xn\ < Sn) > P; (jr^^^j - n\ < 6n - l) , Vx / 0, 5 > 0. 

The same argument as in the quenched case then shows that (j83p can be extended to x = by the 
fact that Irj{x) is continuous at x = 0. 

To prove the matching large deviation upper bound we will show below that it is enough to prove 
that 

(84) lim sup - logP^(X„ > xn) < -I,;(x), Vx > vq, 
and 

(85) lim sup - logP^(X„ < xn) < -I^(x), Vx < vq. 

n— >oo n 

As with the quenched large deviation principle for Xn/n we will assume without loss of generality 
that the RWRE is recurrent or transient to the right. Then, the upper bound for right tails (|84p 
follows easily from Theorem 11.31 since 

lim sup - logP;j(X„ > xn) < lim sup - logP;j(rp^„^ < n) 

n^oD n n— >oo n 

< —X inf Sn{t) = — xj^(l/x) = — I^(x), 

t<l/x 

where we used the fact that Srj(t) is non-increasing on (— cx3,to] and to = 1/vo- 



34 



JONATHON PETERSON 



To prove (|85p for x G (0,vo], taking expectations of (j79p implies that for any fixed K >1 
r;iXn < xn) 



K 



k=l 

Then, applying Theorem 11.31 and Lemma [6.31 (and the fact that /r)(0) = \{^) = Acrit('?)) and 
repeating the steps in (j80|) we obtain that for any x € (0,vo], 

lim sup — log P^(X„ < xn) 

n— >oo 

< -min J x inf iJt), min J inf xj„(^) + (1 - #)I„(0) i \ 
= -\{x) + -il,(0). 



Then, taking K ^ oo proves (j85p when x > 0. The proof of (|85p when x < is similar, mimicing 
the steps in ([8T]) and using the averaged large deviation principle for r_„/n instead. Finally, (|85]) 
holds when x = by Lemma 16.31 



We still need to show that indeed ([8^ and (f85|) imply the general large deviations upper bound 

limsup - \og¥l{Xn/n e F) < - inf for all closed F. 

In order for this to be true, it is necessary that the averaged rate function I,,(x) is non- increasing 
on [— l,vo] and non-decreasing [vq,!]. If Acrit(^) = then this is obvious since Ir,(x) is convex, 
non- negative, and Ir)(vo) = 0. On the other hand, if Acrit(??) > then we need a different argument 
since we don't have a direct proof that I,y(x) is convex. Since I-qiO) = Acrit(f/) > it follows that 
Vq 7^ and so so we may assume without loss of generality that vq > 0. Since I,j(x) is non- negative 
and convex on [0, 1], Irjix) is non-decreasing on [vq, 1] and non-increasing on [0, vq]- It remains only 
to show that Irjix) is non-increasing on [—1,0]. To this end, fix x < y < 0. Then, ([85]) and (j83|) 
imply that 

-I„(x) < lim liminf i logP!!(|X„ - nxl < n6) < limsup - log Pl^fX^i < yn) < -Ir,(y), 

and so I,y(x) is indeed non-increasing on [—1,0]. 

We close the discussion of the averaged large deviation principle for Xn/n by noting that the 
variational formula for in (llOp implies a corresponding variational formula \{x). Indeed, we 
claim that 

(86) I„(x) = inf {/«(x) + \x\h{a\rii)}. 

Recall from Lemma lS.ll that h{a\rf) = oo for a ^ Mrj^ and thus for x 7^ the infimum in (j86p can 
be extended to q € (ri^)- Then, ([86]) follows easily from (fTOj) and the formula for I,;(x) when 
X 7^ 0. To show ()86p when x = note that 

inf /q,(0) = inf Acrit(a) = Ad-it (??), 
where the last equality follows from Lemma [5? 
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Appendix A. RWRE with bounded step sizes 



It is well known that RWRE on a strip can be thought of as a generalization of RWRE on 7L with 
bounded jumps. Indeed, if a RWRE on Z has jump sizes of at most d > 2, then by identifying points 
(k, i) € Z X [d] with the point x = kd + i — 1 £ Z we can interpret the random walk as occuring on 
the strip. However, not all natural RWRE on Z with bounded jumps satisfy the uniform ellipticity 
in Assumption [5] when thought of as RWRE on a strip. In particular, there have been several 
results on what we will cah (L,i?)-RWRE |Key84t iBreCM IBren4[ IHWIOI IHZlOj : that is, RWRE on 
Z with jumps of at most L steps to the left and at most R steps to the right. We will consider 
(L, i?)-RWRE that satisfy the following uniform ellipticity assumption 

(87) rj{P^{Xie[-L,R]) = l) = l, and r] {P^{Xi = z) > k, e [-L, R]\{0}) = 1. 

(Note that the second requirement in (j87p allows, but does not require, the possibility that the 
RWRE may stay at its current location with positive probability.) Such random walks can be 
viewed as a random walk on the strip Z x [d] with d = max{L, R}. li L = R = d, then it is easy to 
see that Assumption [2] is satisfied. On the other hand, li L ^ R then Assumption [2] is not satisfied. 
For instance, if L > i? when we translate the model to the strip Z x [L] we have that 



j 



0, Vie [l,L-i?], and ^pfe(i,i) = 0, Vj G [i? + 1, L]. 

i 

Thus both ^ and ([5|) are violated for such RWRE. 



The most crucial way in which we used Assumption [2] was in the proofs of the existence of the 
vectors /x„(A) and Un{X) where we used that the matrices have entries bounded uniformly 

below. For RWRE on the strip Z x [L] coming for (L, i?)-RWRE on Z with L > R it follows that 

pJ°''^(Ti < oo, = j) = for all j G [R + 1,L]. Thus, $fe(A)(i, j) = if j G [R+1,L]. On the 
other hand, all other entries can be uniformly bounded below away from zero. In fact the ellipticity 
assumptions imply that <I>fc(A)(i,j) > K^e'^^ for all j G We will show how these facts can be 

used to prove Lemmas 13.11 and 13.51 for such RWRE on the strip. 



For convenience of notation, we will write the matrices '&fc(A) in block matrix notation as 

1>fe(A) : 



Ak{\) 





Bk{\) 






where Ak{\) is an Rx R matrix and i?fc(A) is {L — R) x R matrix. As noted above, the entries of 
Ak{X) and i?fe(A) can be uniformly bounded away from 0. Also, a similar argument as in the proof 
of Lemma 12.31 shows that the entries can be uniformly bounded above for each A < Acrit(f7)- That 
is, there exists some cx > such that 

(88) cx < AkiX){i,j),Bk{\)iiJ) < -. 

Cx 

If we adopt the notation „](A) = Afc(A)Afc+i(A) • • • A„(A) for k < n then it is clear that 



^[fc,n](A) 











-I'^'^^l^-^ - > i3,(A)^[,_i,,] 

By the uniform bounds ()88p on the entries of Ak{X) we can conclude from Lemma 13.41 that there 
exists a vector fln{X) G M"^ with non- negative entries summing to 1 such that 



(90) 



sup 

07^7r>0 



ttAi 



m,n—l] 



(A) 



7r^[m,n-l](A)l 



/in(A) 



< 



2(1 



„4 \n-~m~l 



Vm < n. 
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Now, let /in (A) = (/i„(A),0) € M-^ (i-e., append the vector fln{^) with L — R zeros at the end). 
Then, it follows from the block matrix representation (j89p that 



-i](A) 



(A)l 



/in(A) 



< 



-i](A) 



/in(A) 



< 



2(1 



_4 \n— 771— 2 



/in (A) 



if i G 

if i G [i? + 



where the last inequality follows from ()90p with tt = when i G [1, -R] and with vr = eiBm{\) when 
i G [R+l,L\. 

The proof of the existence of y-ni^) with corresponding error bounds is similar but slightly more 
involved. First of all, note that since the entries of ^^(A) are uniformly bounded above and below, 
for every /c G Z there exists a o"fc(A) G MP- such that 



(91) 



where fJfc,„(A) 



for k < n. 



-A l*A[fc,„](A)l 

Let crfc^„(A) and (Ta;(A) denote vectors in formed by adding L — R zeros to the end of 0"^ „(A) 
and c7fc(A), respectively. Then, using the block matrix representation in ()89p it can be shown that 

^[m(A)1 ^ ^fc(A)afc+i,n(A) 
1*<5[,,„](A)1 l*$fe(A)afc+i,n(A) 

Since (f9T]) implies that cTfc+i^„, ^ cxfe+i as n — > oo, it follows that 

^[fc,n](A)l _ $fe(A)afc+i(A) 



lim 

n— j-c 



: z.fe(A). 



>oo l*$[fc,„](A)l l*f fe(A)afc+i(A) 

Finally, the error bounds in (|9ip and the uniform bounds on the non-zero entries of <l?fc(A) can be 
used to show that for any k < n 



<J'[fc,n](A)l 



l*^[fc,„](A)l 



i^fc(A) 



^>fc(A)afc+i,n(A) «>fc(A)afc+i(A) 



l*$fc(A)crfc+i,„(A) l*$fc(A)crfc+i(A) 



< C(l 



caJ ) 



where the constant C depends only on A. 



Having shown the existence of the vectors /ifc(A) and i^fc(A) as well as error bounds similar to 
(f20]) and (|26]l , one can adapt the rest of the proofs of the quenched and averaged large deviation 
principles for Tn/n and Xn/n with a few minor technical modifications. The details are left to the 
interested reader. 
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